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Of the merits of a work of which truth is the object, one cannot have an 
adeqaate idea or a perfect relish, without some acquaintance with the errors 
agauist which it is levelled, and wnich it is calculated to displace. With respect 
to others, the apparent merit of such a work will be apt to be in inverse pro- 
portion to the real. The better it answers its purpose, of making an abstruse 
subject plain^ the more apt it will be to appear to have nothing in it that is 
extraordmary. 

An observation that seems to contain nothine more than what every one knew 
already, shall turn volumes of specious and formidable sophistry into waste 
paper. The same book may succeed ill with different sets of people for opposite 
reasons; by the ignorant, who have no opinions about the matter, it may be 
thought liebtlv of, as containing nothing that is extraordinary ; by the false 
learned, wno nave prejudices they cannot bear to have questioned, it may be 
condemned as paradoxical, for not smuudng with these prejudices. 

Jebemt3ektham. Life by Dr Bowring^ p. 85. 
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NOTICE BY THE TRANSLATOR. 



It is the intention of the Translator of the following Essay, 
should he meet with due encouragement, to publish a series of 
translations from the mathematical works of Prof. Ohmy of which 
the present forms the commencement. These will embrace the 
whole of Mathematics from the earliest to the most advanced 
stage, including what is commonly termed pure Mathematics 
(Analysis), and their applications to Greometry and Mechanics. 
They have been written with an especial view to didactical pur- 
poses, for which they have been long employed by the Author, 
but they wDl also be found exceedingly well adapted for self- 
infttfuction wWk> a. proper teacher camiot be obtainedl ..Tfaf;, 
present Essay however forms, as it were> ilie prelate ta the^ 
other works of Pn^. Ohm, and is particularly addressed to UiQ^^., 
who have already acquired considerable mathematical knowledge^ 
or have read those works, in order to point out the fundamental 
idea which pervades all his mathematical wHtings. -' ' 

The great ckamess and precisiim manifested in these writings,, 
their extreme simplicity and logical accuracy, made a forcible^' 
impression on the mind of the Translator while pursuing his own 
mathematical studies a feW years ago, and he could not help 
contrasting these Treatises with the many vague, half-elaborated 
works in his own language. Few persons have indeed pursued 
the study of Mathematical Analysis with the same anxiety and 
power to improve the foundations upon which it rests, as Prof, 
Ohm* A life continually spent in instructing others has enabled 
him to test and retest his views by the best of touchstones, — ^the 
mind of the learner. It is now twenty-seven years since his 
labours of composition were commenced. During this time he 
has employed his works in his professorial lectures delivered to 
willing* and delighted pupils at various institutions, but for the 
last twenty-two years at the University at Berlin, and he is at 
present engaged and nearly overwhelmed by having to give in- 
struction in Mathematics at the University, Militory School, and 
Engineers' School at BerHn. He has lived to see his views, which 
were at first ridiculed, taught by himself at the chief math^- 

' * The study 'of mathematics is as voluntary at PniMian Universitiet as that 
of ClassicB at Cambridge. 



iv K^oi^ICE bY THE TRANSLATOR. 

roatjciil ^boojs in t'russia^ and by those wBo have been under 
his tuitioi^, in various parts of that country, to an extent shewn 
by , the rapid sale of his elementary worlrs. And* he has been 
encouraged and rewarded throughout by the rapid and ateady 
progress of his pupils, and the enthusiasm with which lie has 
seen them inspired for Mathematical Analysis,---^-a result mainly 
o\iring to the simple, rigorous, and philosophicfli, yet inviting 
dress with which he ^as clothed his subject. 

Convinced of the advantages attendant upon a study of these 
works, the Translator was from the first anxious to make them 
accessible to his countrymen, to the greater part of whom^ bnd 
especially that part to which they would be most valuable, they 
were iu their original language, a sealed book. Clrcutustanc^s 
which he Md not foreseen have allowed him leisure to lM)our 
at a .translation of these works, and he has applied himsdf t6 
the task as to a labour of love, looking for his only Tewird to 
^^^ goad effects he so sanguinely anticipates. The works, to 
wbic.h, an asterisk is prefixed in the list given aft the end of this 
Essay^ will all be speedily translated, although they will ne^e^ 
sarily only appear at intervals, the length of which must of 
course d^|>end on the reception which these translations may 
experience. The "System" (with the exception of the first 
volume,) will appear last of all, as considerable alterations are 
contemplated by the Author in several of the volumes Already 
published, and the five last volumes are still unfinished. 

Th^ Trigislator has to apologize for coining a few new words, 
which were rendered necessary by the systematic discrimination 
of ideas in the present work. He hopes however that they will 
not be found objectionable, and that since they are explained as 
they arise, they will occasion no difiiculties to the reader. Thus 
the ''numeric equations" (Zahlen-Glekhungen) mentioned in the 
preface, p. vii., must be distinguished from those equations com- 
monly termed ^^numerica/" (numerische Gleichungen) as having 
coefficients which are either positive or negative whole or frac- 
tional, or aero. The five forms sfe/m, J*-, and 0, [where fi and y 

are whole (absolute) numbers, and fx is not a multiple of v\ have 
been classed under the generic name of "actual numbers", quasi 
numeri in actu, non in re, corresponding very nearly to "real" 
or '^ possible quantities" in the old nomenclature; while the 
designation "real number" has beep confined to the positive 
^hole number. The word cypher has also been employed more in 
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accordance with its etymological signification (Hebrew, ''9epher"y 
mack, number,) to denote one of the characters 1, 2, 3, 4, 5, 6; 7$ 
^9 9» or (feero) and not, as it is frequently misapplied^ confined 
to O (zcsro) only. "Value in cyphers" is nearly tantamount to 
what is commonly called ^'arithmetical value", which latter term 
is too general according to the present system, as implying anjr 
expression or form of number. A "denominate" number is one 
referred to a certain "denomination" or unit, and therefore re- 
presents a magnitude (see Appendix). On the other hand an 
''indenominate" number is one not referred to any particular unit^ 
and is therefore the abstract number. Such verbs as potentiate, 
radicate, U^ariihmatef with their corresponding substantives will, 
it is helped, be found so convenient as to meet with indulgence. 

It will be perceived by the Author's Preface, that there is 
to be a second Essay, bearing the same title as the present; the 
first Essay is however complete in itself^ comprising the whole 
of general (or formal) analysis. On account of the numerous and 
engrossing occupations of the Author, it may be some years be- 
fore the second E^say is published, but as soon as it appears' the 
Translatoi^ hopes to be enabled to lay it before the English public. 

v." 
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'l^i^ 4VTH6WS PREFACp. 



Thbbb are certain wants, which, althoiig'h vni iriay fnori^ 6r 

to satiafy them,'we can never entirely repel." Aniting 

le want of philosophising, and we bavethns ah eiqitana- 

le fact that a new philosophical system is 'ci^tii^klly 

) predeceaaor into the province of the histor/ of human 

vhil* it has in turn to cede its own place'fo another 

ra hard upon it. And thus the mathematician Who is 

solely employed in the collection of new mato'lals, generally 

looks down without the least sympathy, nay even sometimes with 

a proud contempt upon every endeavour to place mathematics 

upon a surer and more satisfactory foundation, while ttis own 

writings are frequently quite sufficient to shew that he himself 

has not been entirely able to repress the feeling that audi a 

foundation is wanted. 

The Author communicates in the following pages, kt briefly 
as he has found it possible, the nature of those views, Which'Ije 
has taught in his several works since I8I6, and especially since 
16^3, And which he still continues to teach ,~— views, which have 
had tbe^ood fortune to meet with considerable approval, as de- 
tailed in his various Instruction- Books, but which have also been 
very mi^ch misunderstood, and probably the more easily admitted 
of, boing misunderstood, that an Instruction-Book has neces- 
sarily to take into consideration a great number of points which 
stand in the way of forming a comprehensive conception of the 
nature of the subject The present little work presupposes that 
the reader will himself supply all that is merely practical, and is 
solely employed in eshibiting logically determinate, clear and 
well-defined ideas, all such ideas, namely, as form the pivots upon 
which mathematical analysis revolves. The reader is therefore 
requested to bestow some attention upon this representation, and 
to examine with some degree of care, whether he finds in it, as 
a whole, that which is commonly termed internal connection and 
scientific unity, or whether this representation does not at least 
approach the id6al which the reader may have formed of such 
consequentiaUty, nearer than any other view, which has as yet 
been exhibited, of mathemadcal analysis considered as a science. 



THE AUTHOR'S PREFACE. vii 

In the present^ first Essay, the Author has established the 
foundation xt all oalciilalaoii* He W9» oUige^ ^ designate the 
contents of mathematical analysis, as ''^ the* knowledge of' the 
oppositions and relations in which the seven operations (i. e. 
sums, differences, products, quotients, powers, roots and loga- 
rithms^) stand to one another/' These oppositions and relations 
are enunciated in general equations^ between general expressionsy 
in which the signs of operation constitute the essence, while the 
letters are only supporters of these signs of operation, so that 
these letters represent neither magnitudes, nor numbers^ but are 
considered as perfectly insignificant (inhaltlos). These general 
expressions may be even infinite series, provided that they pro. 
ceed according to the powers of any such supporter, i. e. provided 
that they have the form of whole functions. 

From these general equations, on which the whole of mathe- 
matical analysis turns, and which may be also aptly termed 
formal equations, we proceed to distinguish those in which the 
letters have already received a signification, i. e. represent either, 
so-called, indenominate whole numbers, or at any rate such gene- 
ral expressions as originally owe their existence to whole num- 
bers. These expressions, which originally owe their existence to 
whole numbers, may be reduced either to one of the 5 forms 

^fi, ^ - , and 0, and are then termed actual nunAers^ or at any 

rate to the form p-^q* J —I where p and q are such actual num- 
bers, and are then termed imaginary numbers, or imaginary ex^ 
pressions. If we term such an equation in which the sev^al 
letters are no longer mere supporters of operations, but have 
already such a signification as has just been pointed out, i.e. 
represent actual or imaginary numbers, — no longer a ''geAWal," 
but a numeric equation, it follows from the idea of a general 
equation, such as the Author has established, that the expressions 
on each side of the sign of equality (in such a numeric equation) 
represent either one and the same actual number a, or one and the 
same imaginary number p + qj^^, while the idea of a general 
equation must differ from the usual one; in order to deduce from 
it that the actual number a, or the imaginary. number p + q^ — 1 
is re&lly represented by one of these expressions (to the left or 
right of the sign of equality). If infinite series occur in such a 
numeric equation they must be considered as convergent, while in 
the general equation infinite series will occur which cannot be 
termed either convergent or divergent, precisely because every 

a — 3 



letter h, immt gemer4d eqaUdcfOf only a svpfiocter of tbe cpenHioDs, 

and ttill perfectly insignificant 

This may as well be illustrated here by an example. In (sect 

68) of this Essay, we have proved that the binomial theorem 

holds perfectly geoerallyf i. e. that the equation 

nSl^i ||Si - 1 nil ^1 

(1) (1 + 2)"=1 +».£+— 3-j—.«* + —y-2' + —ji — z*-hin inf.* 

holds with perfect generality for every z and for every n, so that 
n and z may be considered as perfectly insignificant^ and repre- 
senting neither a magnitude nor a number, provided that we 
take for the expression on the left (1 + jbt)*, when n Is not a posi^ 
tive whole number, only one single one of the expressions repre- 

sented by this power, and that the correct one* If we put - for 

n in this equation, it becomes 

8! n* 3! »• "^ 

so that the t^^ term (after the very first) = — ^ . ; — . No«r , 

is the f^ term (after the very first) of the series for e"^ if e repre- 
sents the base of the natural logarithms ; hence this development 

of Tl +-j would become the series for c" if we could take « 
so that i:^, that is, «(>'-l)(*-8)(n-S)...r«-<r>-r)3 

"-"^'•('-=)('-D-('-D-('-^) 

should become equal to 1 for every positive whole number r. 
It is usually said that this is the case for n = tk qd , and it is there- 
fore usually asserted that 



(-»■- 



(-=)•= 



e" for n ssifcoo, 



while no consideration has been perhaps paid to the fact, tliat 

this would be the case for those terms of the series for which 

r is not itself infinitely great, but that, so to speak, in infinilOy 

„ri - 1 
the factor ^ — will always be indeterminate, although included 
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* The symbol n^^ " ^ represeilts the product of 4 factors, of which the first is 
n, and each succeeding one formed from the preceding by the addition of — 1, i. e. 
th^ product n (n — 1) n (n — 2) (n — 3) ; it is termed a factorial. In the same iway 
the symbol 4 ! denotes the product 1.2.3.4, and is termed z. faculty. 
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between ccftain deliennMte linits. The dbowe ednehitriaii :i« 
therefore not perfectly correct, and the eqmakm 

c* for ji=±ac , _ . 



(-=)•- 



cannot be admitted as a general (fomal) eqaaficm. Bat if we 
consider j? as no longer insignificant, but as either actual or 
imaginary^ and therefore of the fcMm 

p . CD9^ + ^— 1 . /» . nn ^^ 

then sT^ p', cos r^ + »J—l . />'. sin r^, 

and then — ^ (both in the series found for f 1 + - j when « =^ ac , 

and in the series for e^) would approach zero the more neairly, the 
greats r were taken, L e. the further the terms were taken on 
towards infinity. And hence at the moment that the sMuHiuii that 

„rl-l 

— 3 — =1 for a=±go 

ceases to be correct, the terms which are influenced by this incor- 
rect assertion, may be considered as equal to zero, and hence these 
two discrepancies correct one another. Hence aldioogh the equa- 
tion 

(2) (l + ^"=e'fOT Ji«*OD 

is not correct as a general (formal) equation, it is yet notincorrect 
for any actual or imaginary value of z as a numeric equation, and 

that, because both series, that for ( 1 + - ] , and also that for e" are 

convergent for any such value of z.* Finally if the. tsiros' of these 
series had not these large denominators r ! (that is, }.£.3lft»6.6. .. . r) 
which cause the series to converge for any value of s, 4he above^ 
mentioned equation would have only held for those values of z 
for which the said series would have been convergent. 

Hence while the equation (No. 1) holds with perfect gene- 
rality, when z is considered as perfectly insignificant, being a 
mere supporter of the operations, and when therefore we cannot 
speak of the convergence or divergence of the series, we perceive 

* Hence if we wish to calculate the value of «* approximately for any positive 

or negative values of s, we have only to calculate the value of 1 1 + — j for any 

(disregarding the ngn) very large positive or negative, whole or broken, rational or 
irrational n, and the approximation will be the closer the greater n is taken. For 
example, we can in this manner calculate the number, e itself. . 
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in (No. 2) an equation which is only correct as a nameric equa- 
tion, i. e. which is only correct when the series are convergent. 

A definite Integral always presupposes numeric values; con- 
sequently equations in which definite integrals occur ai^e seldom 
or never correct as general (formal) equations, but can only be 
admitted as numeric equations ; consequently the convergence of 
any infinite series which may occur in them is an indispensable 
condition, whereas the condition of convergence with respect to 
a general series in general investigations, such as must be neces- 
sarily first established as the foundation of the possibility of any 
calculation, is quite as absurd, as if, upon an investigation of the 
capabilities of a living and yet powerful man, the condition were 
premised as indispensable, — ^that he should be already dead. 

But if equations can occur which no longer hold generally 
but only upon the particular hypothesis that they are numeric 
equations, the theory of such numeric equations must be esta- 
blished for itself in a second Essay, and the '< Theory of Definite 
Integrals" (in which numeric equations first occur in considerable 
numbers,) will have determinately and distinctly to solve the 
problem of discovering a method of calculating with such equa- 
tipns. The Author believes that he has now shewn the Reader 
in the clearest possible manner, what he will have to expect from 
a second Essay. While namely this first Essay treats of per- 
fectly general forms, as the first and most necessary foundation 
of all calcnlation, the second Essay will have to continue these 
general investigations, but at the same time to bestow more atten- 
tion upon the passing of general into particular and numeric 
forms, which passing takes place when the former 9xe considered 
upon determinate and particular hypotheses. 

Among the practical results, which have been the conse- 
quences of the view here established, and which are to be found 
at once in the present first Essay, the Author thinks that he ought 
to distinguish the following: 

(a) ^ fully assured method of calculating with roots in gene- 
ral, and with imaginary expressions in particular ; 

(6) The establishment of those formulie, which must take 
the place of the usual rules 

a' . o* = a'"*"* ; (f : c^= (f~* ; (a*)* = a" ; and so on, 

in order that we may calculate with general powers and loga- 
rithms in perfect safeiy, inasmuch as the above formulae which 
are those usually employed, are only partially correct; 
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.O^X Aiji*^lf o^^ured method of jcalcylfi^tiqg with ^ such infinite 
ser|^ .3^. ^r,^.7e^t perfectly general^ a^i^l. precisely. for that reason 
wf^.conye^gent.. 

^ Jjx ^ /'Tracts upon some parts of higher Mathematics" 
f^^yfji(it:(,e qufi^ flem Gebiete der hbheren Mathematik, Berlin, 1823), 
tViJl b^ fouled some applications of these elementary, but assured 
ippietbjods . of calculation^ especially in the last of those Tracts, to 
which the Author thus expressly refers the Reader, because the 
ol>]ect of the present Essay prescribes the greatest possible bre- 
vity^. and such application could consequently not be presented 
in this place. 

. Those Readers, finally^ who desire to see these views deve- 
loped at length, but in such a manner as is required for psedago- 
gical objects, will find their wishes gratified in the 

^^'Attsmpt at a perfectly consequential System of Mathe- 
knatics," 7 vols. {Versuch eines voUkommen coH^equenten 
> Systems der Mathetnatik, Berlin), 

especially in the two first volumes (2nd edition); further^ but 
less fully> in the first vol. (2nd edition) of the 

'^ Instruction-Book in Elementary Mathematics," 3 vols. (Lehr- 
buck der Elementar'Mathemaiik), which has been chiefly 
written for beginners; 

most incompletely in the 

^' Shorter Instruction-Book in the whole of elementary Mathe- 
matics," 3rd edition, Leipzig, 1842 {Lehrbuch fur den 
gesOftnmien mathematischen Elemenlar^Unierrieht), which is 
intended as a guide for the very earliest beginners; 

on the other hand more fully and fundamentally in the 

" Instruction-Book in the whole of higher Mathematics," in 
two volumes^ Leipzigj I8S9. 

M. OHM. 
Berlin, January, 1842. 
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It is a remarkable fact that complaints of the want of clear- 
ness and rigour in that part of Mathematics which respects 
calculation^ — whether it be called Arithmetic, Universal Arith" 
metic. Mathematical Analysis, or aught else, — ^recur from time to 
time, now uttered by subordinate writers, now repeated by the 
most distinguished of the learned. One finds contradictions in 
the theory of " opposed magnitudes ;" — another is merely dis- 
quieted by " imaginary quantities ;" — a third finally meets with 
difficulties in "infinite series," either because Euler and other 
distinguished mathematicians have applied them with success 
in a divergent form, while the complainant thinks himself con- 
vinced that their convergence is a fundamental condition,-ror 
because in general investigations general series occur, which, 
precisely because they are general, can be neither accounted 
divergent nor convergent. 

These considerations force themselves continually upon the 
Author of these sheets, and forced themselves more especially 
upon- him lately when reading a letter of Abel, (who died so 
unfortunately soon for Mathematics,) which will be found in his 
Complete Works (CEuvres completes de JV. H. Abel. Christiania, 
1839) and in which he writes thus: 

" Divergent series are in general very mischievous affairs, 
and it is shameful that any one should have founded a demon- 
stration upon them. You can demonstrate any thing you please 
by employing them, and it is they who have caused so much 
misfortune, and given birth to so many paradoxes. Can any 
thing be conceived more horrible than to declare that 

= 1 - 2"+ 3"- 4"+ 5"- &c. &c. 

when n is a whole positive number? — At last my eyes have 
been opened in a most striking manner, for, with the excep- 
tion of the simplest cases, as for example the geometric series, 
there can scarcely be found in the whole of mathematics a 
single infinite series, whose sum has been rigorously determined ; 
that is to say, the most important part of mathematics is with- 
out foundation. The greater part of the results are correct, 
that is true, but that is a most extraordinary circumstance. I 
am^ engaged in discovering the reason of this, — a most inter- 
esting problem. I do not think that you could propose to me 
more than a very small number of problems or theorems con- 
taining infinite series, without my being able to make well- 
founded objections to their demonstration. Do so, and I will 
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answer you. Not even the Binomial Theorem has as yet been 
rigorously demonstrated. I have found that 

(l+a:)**l+i«d?+ — — — ^ .«■+... 

for all values of x which are less than 1. When a? = + 1 the 
same formula holds^ but only provided that m is > - 1 ; and 
whend?=— 1, the formula only holds for positive values of m. 
For all other values of m the series 1 + mar +... is divergent. Toy- 
lor's Theorem^ the foundation of the whole infinitesimal calculus^ 
has no better foundation* I have only found one single rigorous 
demonstration of it^ and that is the one given by M. Cauchu in 
his '^ Abstract of Lectures upon the Infinitesimal Calculus" (i2e- 
9um4 des Ufons sur le calcid infinitesimal) where he has demon- 
strated that we shall have 

o* 

as long as the serieg is convergent; but it is usuaHy employed 
Without ceremony in aU cases. 

** The Theory of infinite series in general rests at present upon 
a very bad foundation. All operations are applied to them as 
if they were finite ; but is this permissible ? I think not Where 
is it demonstrated that the differential of an infinite series is 
found by taking the differential of each term? Nothing is 
easier dian to give examples where this rule is not correct; 
for example^ 

- = sin « --^ sin2x + ^ sin 3dr — &c. 

by differentiating we obtain 

^ as cosor ^ cos 2 A' + cos d dp -* && 

an utterly false result^ for this series is divergent. 

" The same remark holds for the multiplication and division 
of infinite series. I have begun to examine the most important 
rules which are (at present) esteemed to hold good in Uiis re- 
spect^ and to shew in what cases they are correct^ and in what 
not so. This work proceeds tolerably well, and Interests me 
infinitely." 

Thus laments AheL But ^Alembert (in many places of his 
^^ Opuscules")^ Carnot^ even Laplace make similar complaints^ 
although more briefly^ and not always precisely concerning in- 
finite series* Kramp in his " Analysis of astronomical and terre- 
strial refractions, 17999 Chap. III. Analysis of numerical faculties/' 
{Analyse des rifractions astronomique et terrestresy 1799> Chap, II !• 
Analyse desJacukSs numSriques), encounters a formulaj of which 
he mmself says that it is incorrect, adding: '^I acknowled^ 
frankly that iQl the trouble which I have given myself to find 
out the reason of this paralogism has been hitherto ineffectual. I 
should be infinitely obliged to any mathematician who would 
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point it out to me. It seems to me to belong essentially to 
oiir theory of fractional powers and logarithms of negative 
numbers^ and that the theorem log ( — a) = log a + log ( — 1), 
despite its appearance of extreme simplicity^ is far from having 
been rigorously demonstrated." 

In another plaee of the same chapter where he meets with 
similar contradictions^ he says further: '^I should not be in^ 
disposed to believe in fact> that every af^lication which we 
have hitherto made of our general theory of powers to roots 
and logarithms of negative quantities^ were a conclusion A par^ 
ticnlart ad universale, which ought not to be excusable in ana* 
lysis." 

Further on he says: ^^As regards the differential of (-1)' 
there is not a single mathematician, who, conforming himself 
to received ideas, can tell us what it is. 

" But what shall we do with (- 1)^*? what will (- 1)* be- 
come for the infinite number of cases in which the exponents 
are irrational, exponential, circular, or finally transcendental quan- 
tities of any description?" 

Thus Kramp. It is clear that he complains less of infinite 
series and more of powers and logarithms, and, thinking that he 
was operating correctly, be has obtained a great number of in- 
correct results, but has also happily remarked that they were 
incorrect. On the other hand tne greatest analysts, as Euler 
and Lagrange, have sometimes exhibited such results in theii* 
writings, without having always remarked that they were in- 
correct. For example, all the results which are to be found 
in the Xlth Lecture of the "Lectures upon the Calculus of 
Functions," (Lemons sur le Calcul des Fonctions, I8O6.) by La^ 
grange, are incorrect, and yet these incorrect results had been 
previously given in the same form by Euler; their incorrect* 
ness for a general and not merely wnok exponent surprises us 
in Lagrange's work the more, that the object of the above named 
Lecture was precisely to prove the general correctness of these 
formulae with perfect rigour. 

But if on the one side such facts speak loudly enough, and 
on the other we hear complaints from men who stand on th« 
highest height of science, and who have themselves more or less 
extended its bounds, we cannot but repeatedly inquire : 

1. Are these complaints just or unjust, and how far so ? 

2. Are, as Abel appears to complain, the infinite series the 
only cause of all the paradoxes of calculation, or have we to seek 
for their sources elsewhere also, and where? 

3. When we 'say in mathematical analysis : " this or that 
result is correct or is false," what do we mean by so saying ?— *• 
or in other words; if two results contradict one another, what 
characteristic have we, which will help us to distinguish the 
correct from the false? 

1—2 
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4. How may the paradoxes of calculation be avoided with 
certainty ? 

And so forth. 

When the Author of these sheets considers these questions 
from his own point of sights it appears to him^ in examining the 
first question^ that the reproach made by Abel, that caleulationi 
or demonstrations are conducted with divergent series, only affects 
in all its generality the mathematicians of the last century, since 
all living mathematicians of note, as Gauss, Diricklet, Jacobi, 
Bessel, Cauchy and the rest, do not employ them, while Poisson 
amonff others has spoken decidedly against their being employed. 
But that the series which are used, and from which deductions 
are drawn, ought to be always and necessarily convergent, is 
a circumstance of which the Author of this Essay has not been 
at all able to convince himself; on the contrary, it is his opinion 
that series, as long as they are general, so that we cannot speak oj 
their convergence or divergence, must always, when properly treated, 
necessarily and unconditionally produce correct results. An exami- 
nation of this opinion is one of the objects of the present pages. 

With regard to the second question, namely, where are the 
sources of the parodoxes of calculation to be looked for ? the 
Author finds them especially : (a) in a onesided conception of 
the idea of zero; (6) in a disregard of the properties of manV" 
meaning or infinitely muZ/ip/e-meaning expressions; (c) in the 
circumstance, that through a want of proper attention in mathe- 
matical analysis, and algebra, general propositions are liable to 
be generally converted, which, as is well luiown, offends against 
the first rules of logic, and must necessarily lead to the most 
erroneous results ; (rf) in an imperfectly correct method of treat- 
ing infinite series; and finally, also (e) in the fact, that results 
are considered and applied as generally correct, which have only 
been demonstrated for particular cases, and which, too, are only 
true in those particular cases. This last case namely occurs in 
the above cited work of Kramp, who has applied for all faculties 
(factorials) the law 

viz. for those factorials also, in which the exponent m is a broken 
number, whereas it is precisely this formula, among those which 
are employed for calculating with faculties (factorials), which 
does not hold for broken factorials, as may be easily proved. 
This is exactly the same error as would be committea if we 
were to pronounce that the equation 

(-l)" = C0S«7r, 

which is correct for any whole nmnber n, would also hold for 
any broken n. For n = \, for example, it would give 

(-.l)i = cos^w, that is J -l =0. 

But although even not long ago Tralles in two Essays of the 
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Academy of Sciences at Berlin, (for the years 1815 and 1S2I) 

really drew this conclusion, and seriously asserted that^-^ 1 — 0; 
yet such confusion of ideas is no longer to be dreaded when we con- 
sider the better spirit in which mathematical analysis is at present 
conducted*); and hence we shall make no further reference in 
this place to the cause of paradoxes alluded to above, in (e). 

We said on the other hand : (a) that zero is frequently con* 
ceived in too one-sided a manner. If we consider zero, namely, 
as the passage from positive to negative, we may, if we are 

compelled, say that: '*- is infinity," because we may then take 

the phrase to mean that - approaches infinity the more nearly, 
the more nearly a approaches zero. But the case must then 
occur in which we cannot exactly tell whether - is the positive 

or the n^pative infinity, because - is also the limit of the value 

of — When a continually approaches zero. But because zearoi 

much more generally, represents the difference a — b for the 
particular case of a and b being equal, where they may be either 
actual or imaginary, — zero is also frequently the passage from 
actual to imaginary, or even from imaginary to imaginary, so 

that in this case - would appear all at once as an infinite valu^ 

intervening between values, which were all imaginary, sup* 
posing we wished to retain the same views as have been hithertp 
customary. Whereas a more exact knowledge concerning zero 
leads us, as we shall shew further on, to perceive that the form 

-- should not be allowed to occur in calculation at all, and that 

the introduction of this inappropriate form, is entirely without 
sufficient motive. 

We said further, that: (b) the disregard of the peculiarity 
of many-meaning expressions led to paradoxes of calculation, and 
we here add, that it is this cause which is predominant in the 
above cited Xlth Lecture of Lagrange's Lemons sur le Calcul des 
Fonctums. For if, for example, A were a many-meaning ex- 
pression, which represents one of its different values, but which 
may every time that it occurs in the same calculation represent 
another one of its values, we cannot transform 

pA + qA into (p + g) J, 
nor A^ into AA, 

* It would be impossible for us to consider such errors as e.g. Oettinger of 
Freiburg (Heidelberg) has here and there committed in his writinj;s, since they 
belong entirely to the man himself, and could not be easily committed a second 
time by any other analyst. 
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nor from B^^A and C=A, condude that B^C, 

because these conclusions would only be correct provided we had 
previously ascertained that A in each case represented one and 
the same of its values. 

Example, If we put 7v^ for 2V9+5V9i whikt the factor V^ "* ^n/^ 
represeated its yalue +3, and in 5y9 its value— 3, we should have sabstitnted 
:^ 7 . 3 for 2 . 3+ 5 (— 3), which would in any case be incorrect. In the same way, 
although (V^)' ^ unconditionally =4, \/4.>/4 is not necessarily ^4; because 
the factors of the product \/4 . y/A may perhaps be unequal, one representing +2, 
and the other -2, so that we should have —4 as the correct value of the product 

In the above cited investigations of Euler and Lagrange, 
namely^ the following conclusions are drawn : 

(cos X + tj^l^ • sin 0?)*= cos mx +,J^ . sin mx, 

(cos X — fj— 1 . sin J?)* = cos mx — J— 1 . sin mxi 

therefore 

cos mx^ i{(co8 X + ^-1 . sin j?)* + (cos x — J-^ sin ^)"*}, 

saxmx = g~7== {(cos x + J- 1 . sin ar)*- (cos x - J^^ sin j?)"*}. 

Now as long as m is a positive whole number^ the conclusions 
derived from these equations present no difficulty ; but if we 
substitute a broken number for m, as \, then the powers on the 
right side of the above formulae represent one of their several 
(three) values^ and if we neglect^ as Euler and Lagrange did; 
to seek out the corresponding values of these powers^ then the 
above^ and all similar lormulse^ will invariably give false results. 

It is this ambigu ity of the expressions which prohibits us 

from putting J— a . J^li = (a/— a)' (that is = — a) g«ierally,— and 
which further does not permit us to take J-- a . ^—6 . =z-^Jah, 
although each may be correct in many cases. Generally^ before 
any secondary investigations are commenced, we must take 

J-a.J'-a^J-^a^^^a, 

and J-a.J-b^^J+ah^^Jah^ 

because the expressions on the right will then have just as many 
values as those on the left ; so that none of the values on the left 
(among which perhaps may be exactly the one wanted in any par- 
ticular application) shall be lost For this reason it is convenient, 
since we cannot avoid calculating with imaginary expressions^ 
to represent one of the two values of a/^ by », and the other 
by — iy and to conduct the calculations so, that i, wherever it 
occurs, shall always represent one and the same of the two forms 

+ J^ and "J—l. By this means we avoid every difficulty^ 
and we have, as we were used to have in elementary calculation 
with letters, t.s~t' = —l. But as long as we have expressions 
which are perfectly general, and which may be imaginary just 
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as wen as actual, it will be impossible to make such an ammge« 
ment of calculation. 

We declared ^ther (c) that one of the sources of paradoxet 
in calculation lay in the circumstance diat general prcmoeitions 
^nrere so frequently and unawares generally converteo. This 
fkuh is most frequently committed m lower algebra, aldiough 
errors in that part of mathematics are less remarked^ because tibe 
investigations are there chiefly of a special character, and hence 
the results, before being employed, are as it were subjected to a 
test. One example nuty suffice for all. Whenever a nu^uitude 
is required in algebra, we can only reason thus: '^ If such a mag- 
nitude exists, and is therefore expressible by a whole or broken 
number or, then this number x has, by the conditions of the pro* 
blem, to satisfy an equation, e. g. liie equation 

a o c 

But we may not now say conversely : '* every value of x which 
satisfies this equation, must necessardy solve the problem." For 
if we allowed such a conclusion, it would be no better than the 
following : " All men are mortal beings, therefore all mortal 
beings are men." Hence whenever an algebraical problem has 
been reduced to an equation (stated), we can only reason thus : 
'^ Among the values of x which satisfy this equation, that one 
which solves the given problem, must be included, provided such 
a one exist at all" For the equation only expresses a single 
property of the magnitude sought, whereas the problem has 
generally one or more (secondary) conditions, which are not re- 
garded in the equation, but which nevertheless exist, so that the 
required numeric value of x has not only to satisfy the equation, 
but also these other conditions. 

Thus e. g. if x represents the radius of a circle, the secondary 
condition is, although not expressly mentioned, that x must be a 
positive whole or broken number. Hence if the equation gives a 
single value only for x, and that imaginary or negative, the pro- 
blem is in either case, the latter as well as the former, in so many 
words, impossible, and the view which was formerly so customary^ 
that we have only to take the negative result in tlie directly 
opposite sense in order to obtain a solution of the problem, must 
be distinguished as most erroneous and unfounded. 

Finally that (<2) we may not calculate with divergent infinite 
series (e. g. not with 

r-2»+3"-4»+5"-&c. &c. 

as long as » is positive) is at present so well understood, that we 
will not say any thing further upon that subject. But we shall 
shew in the course of the present Essay that we can, may, and 
must calculate, in perfect safety, with general series, which may 
be either convergent or divergent, and which are therefore nei- 
ther the one nor the other. 
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The third of the above questions appears to us especially im- 
portant. By what do we recognize the incorrectness of any 
result? AD results of mathematics^ namely^ are equations j-^^mow 
we cannot determine whether these are correct or not^ uQt3 we 
exactly know what an " equation" is. Have we then in our mathe- 
matical analysis a well-defined idea of equation? The old one: 
" agreement or coincidence in quantity'' is far too particular^ and 
certainly no longer suitable for those equations in wbicb hnaar- 
ginary expressions occur, and therefore much less for general 
equations, in which we do not yet know whether the expressions 
to the right and left of the sign (=) are actual or imaginary. 
But if, as some mathematicians of more modem times appear to 
think, we consider an equation between imaginary expressions 
as a symbol which combines two such equations between actual 
expressions, then we have clearly only an explanation of equations 

of the form p + g. J— l=a + fi , »f^, in which we have also the 
condition that p, q, a, /3, are no longer general but actual. Upon 
this supposition this equation then certainly splits into two equa- 
tions p = a and q=/3. But does this last view explain the 
equaUon g^ ^ ^^-j 

which is nevertheless considered correct in analysis? Should vre 

not be obliged ^rst to substitute 2 + S J^ 1 for the exptesaon 

23 4- 2 / 1 

^ on the left, in order to obtain the equation 

which is of the above form, and which would then split into llie 
<«« equations 2 = 2 and 8 = 3? 

But that we may be enabled to substitute 2 + sj-~l for the 

Quotient :" , we must Jirst know that these two ex- 

^ 4-5^-1 

pressions matf be substituted for one another, i. e. that they are 

'^ equal ;" i. e. we must Jirst know what " equal" means, before 

we can arrive at the already mentioned view (which is rather the 

enuntiation of a single characteristic, than of a dejinition^ of an 

" equation between imaginary expressions." Moreover, we have 

frequently equations in mathematical analysis, between general 

expressions, which are neither actual nor imaginary, since they 

may be one just as well as the other. And yet we want to 

know whereby the correctness of such general equations may be 

recognized. 

The correctness of the above particular equation. 
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is generally demonstrated a posteriori^ by multiplying 2 + 3 J^^ 
by the divisor ^ — bj-l, and shewing that the dividend 
23 + 2 a/--1 is obtained as the result of this multiplication. We 
cannot but approve of this process^ but we ask, in what "genei^al 
idea of equation" is this process generally contained or justified ? 
We have also the equation 

n/ - 5 - 1 2 J^ =2-3 J^, 

and we should shew its correctness by squaring 2-3 J- 1 
and proving that the result will be precisely the radicand 

— 5 - 12 J— 1 of the square root. But we must again inquire : 
where is the general idea of equation established, by which we 
can test every given equation, and shew whether it is or 
is not correct? Let us proceed a step further. We multi' 

plied 2 + 3,J^ by 4 - 5 J--i above ; but have we in our mathe- 
matical analysis a general idea of " multiplication/' so that we 
can use it as a test of the correctness of our multiplication? 
What do we mean by saying "a is to be multiplied by b" ? 
The most general definition of multiplication which can be found 
in Instruction-Books is: ''the product a 6 is to be generated from 
the multiplicand a, in the same manner as the multiplier b has> 
been generated from 1." And in fact we obtain from this defini- 

2 4 8 
tion not merely 4 . 3 = 12, and not merely o • ^ = fF^ b^* ^SQ 

S-(-2) = -6, (-3).(-2) = + 6; 

2 / 4\ 8 / 2\ / 4\ 8 

3-V~5>/""l5^ \3)'\5)-'^T5' 

which in the practical experiments hitherto made in the appli- 
cations of calculation, are in all cases correct. But if we wished 
to apply the same idea of multiplication to the case in which ^4 
had to be multiplied by ^9, we should be obliged, (since the 
multiplier ,^9 has arisen from taking 1, 9 times, and then taking 
the square root,) in order to obtain J4!.j9> first to take J4, 
9 times, and then to take the square root of the result. This 

would give ^4 . J9=J{9 • ^4) =^^±18, which is absolutely false. 
If to avoid this contraaiction it were said : " a symbolized root is 
not yet any quantity, hence we must take the quantities repre- 
sented by the roots and multiply them together," we would pro- 
pose another example, viz. to multiply J— 4 by ,J^, where it 
IS not yery possible to recur to the quantities represented by the 
roots, while the above idea of multiplication would now give 

^/=^.^^^ = ^/(-9.^/=^), 
which 18 also absolutely incorrect, inasmuch as the further conse- 
quences deduced from this result contain contradictions. In the 
same way the above cited definition of multiplication would give 

^/^.^/=^ = ^/^V^=^/i-^/i•^/^> 

1—5 
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which is alto absolutely incorrect. And suppose it were possible 
to aToid this example by some means or otfaer^ at what should we 
arrive ?-— dearly^ at last^ at what we desire ; viz, at a general idea 
of '^ moltiplication," of which, accor^ng to the views hitherto 
handed down^ we have at present a total lack. Bat cannot similar 
questions be proposed respecting Powers and Logarithms ? 

The fourth question: how may the paradoxes of calculation 
be most securely avoided ?»^bliges us to submit to a very exact 
examniation the subject of mathematical analysis, its Jirsi and 
mmpUst ideas, as also the methods of reasoning which are applied 
in It This is what the author of these sheets zealously did from 
1811 to 1821, and he published the commencement of his investi- 
gations In 1816, and <mly six years afterwards, a very happy 
resuk of them in the first edition (1822) of the two first volumes 
of his *' Atten^t at a perfectly consequential System of Mathe- 

And although this last-mentioned work was not received 
without approbation,— although its sale has enabled him to pub- 
lish five following volumes of the same work,>— although his 
Shorter Instruction-Books are already spread abroad in two or 
more editions^-— yet he can very well recollect the time when on 
bis first appearance he hardly escaped being declared ^^ insane" 
by several mathematicians on account of his views ; when he was 
even designated in official papers as a 'dangerous innovwker od 
account of these revolutionary ideas of science, and most persons 
contented themselves either widi a silent shrug of the shoulders^ 
or with publicly accusing him of ^^ presumption." This public 
resistance only orove the author to test and retest his views con- 
tinually, and if possible more rigorously, whereby his works 
have received a better finish, and are better adapted to satisfy the 
demands of scientific unity, and yet he has been unable to dis- 
cover that his (certainly revolutionary) fundamental view of the 
subject admitt^ of or required any essential alteration, since by 
its aU formerly observed contradictions are most harmoniously 
solved, or, more properly speaking, are not encountered, and can 
only appear as solved or avoided, when this new process is com- 
pared with the older one, which the author terms ^^ that hitherto 
employed." 

The author is at this moment convinced that he has only to 
let his Instruction-Books work on quietly and peaceably, in order 
to see his views adopted by most teachers, because those books 
are also distinguished (precisely on account of their predominant 
scientific unity) by great simplicity and didactical convenience. 
But inasmuch as professed mathematicians, as e. g. Abel was, do 
not generally occupy themselves with reading elementary instruc- 
tion-books,-— ^e» when these would dry up the sources of their 
complaints, the author endeavours in tnese pages to exhibit his 
views to such persons, in as short and comprehensive a manner 
as possible, and at the same time to point out the most important 



INTAOBUCTIOK. Jl 



eondiisums respectiBga well aoniEed and ntrfiamrilj correct w*- 
thod of working with infinite series. 

Now the author is convinced that all the difficulties which 
are met with in mathematical analysis^ are to be attributed wholly 
aad solely to the veri/ first fundamental view^ that view namel^ 
which each has taken for himself of the subject and naiure oS. 
mathematical analysis. It appears to him namely as if the object 
had been confounded with the means which must be applied 
in order to attain that object. The object of war is — -peace; 
but how unsuitable would it be, and to what erroneous conse- 

3uences would it lead^ if we declared too generally: ^'war is the 
octrine of peace/' or, *^ war is occupied with what is peaceful" ! 
Thus the object of mathematical analysis is perhaps in all cases 
nothing more than the comparison of magnitudes, but it is totally 
repugnant to the views of the author to say : ^^ Mathematics/' 
(and therefore mathematical analysis as a portion of the samej) 
''is the doctrine of magnitudes (quantitiesy On the contrary, 
the author has found himself forced to conceive the nature of 
aaathemadcal analysis much more abstractly^ and he believes 
Ihat he is much nearer the truth in asserting uiat: ''mathematical 
analysis is the doctrine of the relation of ttiose (seven) (mental) 
acts to one another, to which we are led by the consideration of 
(whole, indenominate) number," i.e. therefore "the doctrine of 
the oppositions " and relations (combinations) in which the above 
named mental operations stand to (with) one another*. 

Viewed from this point of sight, the forms a + 6, a — 6, a.b. 



a * 



T> A^ \/^> ^og a do not represent magnitudes (quantities), but 

mental acts (in systematic language: "symbolized operations"), 
which stand in certain relations to one another, that are enunci- 
ated in "equations." Every "equation" is a so-caUed identical 
one, and every such equation never expresses anything but the 
relation of the operations to one another, so that every new equa^ 
tion expresses the same relation, only in a new modification t. 
This is not only true for every equation between letters, but 
also for every equation between cyphers, as e.g. for the equa- 
tion 65 + 24 = 89, only that in this equation the signification of 
the several cyphers nas been attended to, so that it no longer 
appears in its original purity, as it would do if written thus, 

65 + 24 = (60 + 20) + (5 + 4). 



* This is curiously enough the oldest as well as the newest view, the Arabic 
phrase from which our word Algebra is derived being "el-gebr wa-1-mu^balah,*' 
which may be aptly rendered ^'combination and opposition." Tram, 

t So called al^thraical and tramcendental equations (which the author has de- 
signated determintf^ equationt^ can cmly receive meaning and authority as tdenii" 
eal equations ; and they do not differ at all from identical equations in their nature, 
but only in so much that one or more of their letters has to represent determinato 
(generallyi unknown) expressions, which must be mentally substituted for these 
letten. 
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If we now consider these equations in their simplest form^ as 

^ ^ c c c ^ ' 

we have the simplest laws which govern the operations (i.e. 
these mental acts); and the application of these laws to the 
formation of new and more complex ^^ equations" constitutes 
'^ calculation^" in which idea all and every kind of calculation, the 
commonest as well as the most advanced, is included. 

There are only (indenominate) whole numbers; whatever 
else appears in practical calculation under the name of number 
or magnitude (quantity) (negative, broken, imaginary) is nothing 
but a combination of two or more whole numbers with one 
another, made by means of the above named mental operations, 
i. e. by means of symbolized operations. But if we start origi- 
nally from whole indenominate numbers, the difference a — b may 
be either reduced to a whole number or, it remains per se, and 
in this last case it gives the idea 6 — 6 or zero (0), or the idea 
— (b — a) orO — c or — c, (since it is usual to understand zero 
as tne minuend of the difference, and not to write it down). 
We may also conceive the form + c, which is usually written 
+ c. But +c and —c and areJfar from representing "magni" 
tudes" (quantities); on the contrary, they only express the ex- 
istence of combinations of numbers (i. e. of mental acts), which 
follow determinate laws, so that we are precisely for this reason 
enabled to calculate with these expressions. 

In the same way the quotient -r or ^ ™^y ^® reduced to 

a positive or negative whole number or zero, or, it remains per 
se ; in the latter case arise the ideas of broken number, and of 
positive and negative broken number. These broken numbers 
are therefore according to this view not '^magnitudes" (quanti- 
ties), but expressions which announce the existence of mental 
operations that proceed according to determinate laws, so that 
we are enabled to calculate with these expressions. 

The root Ja also allows of being reduced to a prior form 
(i. e. to a positive or negative whole or broken number or zero), 
or, it remains per se. But in the last case it always admits of 
being reduced to the simplest root per se, viz. to J —1, so that all 

expressions which contain roots per se receive the form p + q J —1. 

b 

Finally the logarithm log a (in especial) never remains per se, 
but may be always reduced to an actual number (i. e. to a posi- 
tive or negative whole or broken number or zero), or at any 
rate to an imaginary number, i.e. to the form p + q.J^^, 

According to this view the so called actual numbers are as 

far from being " magnitudes" as are the imaginary. The actual 

and imaginary numoers stand here in the same category ; they are 

both of them nothing but forms per se, i. e. symbolized operations. 
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t. e, conceived and therefore real combinations of numbers effected hy 
means of the above mentioned mental acts, i.e. expressions which ent" 
body these mental acts, while these last are governed hy determinate 
laws which are enunciated in equations, so that these laws can be 
applied, i. e. so that we can " calculatb" with these expressions. 

After having pointed out these general views we have now 
to shew that these abstract ideas possess a firm supporter. First 
of all it must be remembered that according to this view the 
form of an expression is at the same time its essence. Form 
lost, all lost. Hence the Jbrm of the expression is the sup- 
porter of the idea, and the properties, which this form is obliged 
to possess, are the characteristics of the idea. Finally, the re- 
lation of the operations to one another is enunciated in the 
determination of what new Jbrm is to be substituted for an 
old, given form; hence the whole of mathematical analysis is 
solely employed in the transformation of given forms. Conse- 
quently it is not magnitudes (quantities), but forms which are 
the subject of mathematical analysis. 

Hence we explain a sum to be an expression of the form 
a-hb or a + b + c, &c. &c. endowed with the property, that its 
elements a and b, or a, b and c, &c. may be interchanged at 
pleasure, i. e. that b -\-a may be written for a + b, or the new 
forms a + c + b, b + a + c, &c. Instead of the old form a + b + c, 
without our having to expect any contradiction on the part of 
the laws of operation, (i.e. the laws of the mental acts which 
are here considered.) 

Hence we explain a difference to be an expression of the 
form a — b, endowed with the property that (a — b) + b may be 
interchanged with a itself. 

Hence we explain a product to be an expression of the form 
a.b or a.b.c, &c. Szc. endowed with a double property, first 
that its elements a, b, c, &c. &c. may be interchanged at plea- 
sure, and secondly that (ja + b) . c may be interchanged with 
ac + be,* without our having to fear a contradiction on the 
part of the laws of operation, (i.e. of the mental operations 
when abstracted from whole numbers). 

Hence we explain a quotient to be an expression of the form 

T f endowed with the property that r • b may be interchanged 

with a itself. 

In the same way the power a* must be explained to be an 
expression of this determinate form, and representing either 
other expressions with determinate properties, or these proper- 
ties themselves per se. 

Then we explain the root to be an expressson of the form 
ija, endowed with the property that (^/a)* may be interchanged 
with a itself. 

• The second property enunciates the connection between the product and the 
sum. The first property is common to both product and sum. 
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FiiuJty; we explain tibe kgarkkm to he an esxaeeaaan of 

the form log a endowed with the property that ft***" may he 
interchanged with a itself. 

After establishing these most general ideas of &e sum a-^h, 

tiie difference a— 6, the product a • b, the quoHeiU j-y the power 

cf, the root Ja, and the logarithm log a, the ideas of '^ addition" 
"subtraction," "multiplication," "division," "potentiation," (or in- 
volution)^ "radication" (or evolution )j and " logarithmation" (of 
a ijo, from, by h) allow of being perfectly generally established 
as signifying respectively " the operations by means of which these 
Tforr/is are constructed." Objectively considered therefore these 
operations consist in simply writing down these symbolfi a + h 
a—b, &C. &c- 

But since these ideas must not be allowed to receive con- 
tradictory dbaracteristics, we must be particularly careful witb 
respect to the ideas of product and power, that the douUe or 
triple properties with which we endow them sxe not contra- 
dictory. Now in as much as at the time when the idea (^ 
product is established, there only occur (since we originally 
started from indoaominate whole numbers,) the whole number 
or the difference per se a-^fi of two ^sueh indenominate, wihele) 
numbers, we can <Hily at first establish the particular ideas oi 
the product a b, (1) when a and b are wh^ numbers, and (£) 
when a and b are differences of whole numbers, and then prove 
that for these particular {Mroducts no contradiction is to he ex- 
pected. But at the time that the idea of power is estaUiahed, 
we have already the (reducible and ako the) quotient per se 

— ^ , whose dividend and divisor are such differences of whole 

numbers, i. e. in other words, we have the vo-called actucd nmo^ 
ber, with whidi we must not stand in ccmtradietton. 

According to this view the most difficult point is to settle the 
idea of '^ equation ;" for although we have already definitely 
enough enunciated the object of the equation, yet if in ac- 
cordance with that object we were able to define it thus: *'two 
eiq)ressions, i. e. two forms (symbolized operations) are equal to 
one another, when they may be unconditionally substituted for 
one another, without our having to fear a contradiction on the 
part of the laws of operation," it would still be necessary to 
possess well defined external characteristics by which the cor« 
rectness or incorrectness of an equation might be ascertained* 
Hence we see in reference to '* equation," as we saw a little 
while ago in reference to ** product" and "power" the neces- 
sity arise of arrat^ng these views, which have been here pre- 
liimnarily collected generally together, systematicaUy, so that 
they may form a well connected whole which will iumish the 
requisite conviction of correctness in every case. Now if we 
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coDurider two expressions wMdi are generally equal to one another, 
particularly, as in die ease that determinate vafaies in cyphera 
are substituted for all the letters; it may be always proved ftom 
the idea of equation, that both equal expressions represent eidier 

one and the same imaginary number p + 9 • J^^» ^^ ^"'^ ^^ ^^^ 
same actual number. 

If, in accordance with these views, the whole of mathema- 
analysis has never atiydiing to do with '* magnitudes," the 
of '^ greater" and ^^less" cannot occur in it, except in a 
very improper signification. And such is the case. The con* 
dUion ef two actual numbers a and b, for which a-^b is equal 
to a positive number, is denoted by saying ''a is greater tbaa 
b ;"*i»and when we say '^ a is k«s than b" we prestqypoae 
that a and b are actual numbers, (Le. mere forms, mere sym- 
bolized operations compounded origmaUy of whole numbers by 
means of the four first operations,) and we denote by the above 
phrase tlie oonditian of these actual numbers a and 5, for which 
a— 5 is equal (not to a positive, but) to a negative number. 

According to this new view likewise tbe roots of positive 
numbers lead at first to the so-called irrational number, whic^ 
is nothing but the sum of an infinite number of terms, i.e. a 
convergent iidmte series. But mathematical analyas camiot 
acknowlege approximate values, and liierefore considers the ir- 
rational numbor as a really infinite series, which, precise^ be* 
cause it never terminates, is considered as the exact value. 

In the applications of mathematical analysis to the '' com- 
parison of magnitudes," this is subsequently differently treated. 
Every magnitude is at first represented by a whote, and after- 
wards also by a broken denominate niunber. If we pleased 
we might also introduce negative denominate numbers; but 
this is only possible in very rare cases, and it is best never 
done at all. The denomination or the unit is always previously 
determined upon for denominate numbers, and all that is re- 
quired in any case is to consider the corresponding indeno- 
minate numbers, to compare them with one another, or to 
find them. Two magnitudes are called '^ equal," or one is 
said to be ^* greater" than the other, when they have both one 
and the same indenominate number, or when one is expressed 
by a ^'greater" indenominate number than the other (taken in 
the sense which has just been fixed for actual numbers,) upon 
the hjrpothesis, whidi is here always tacitly made, that the 
magnitudes which are to be compared with one another, are to 
be considered as expressed in such denominate numbers as have 
been referred to one and the same denomination. A very small 
magnitude will consequently be expressed by a very small actual 
positive number. If then the applications shew that a very 
small magnitude may be disregarded in comparison with another, 
we may of course in such an application disregard (neglect) 
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the very small indenominate number which represents the former 
magnitude in comparison with the indenominate number which 
represents the latter; and thus far we are justified in substi- 
tuting an approximate value for an irrational number^ or gene- 
rally for any given number^ provided we term ^ an approxi- 
mate value of a when /9 ~ a is equal to a positive or negative 
number^ which is^ independently of its sign^ very small. 

Finally^ we must distinguish in mathematical analysis, (1) the 
perfectly general doctrines^ i.e. the perfect! v general relation 
of the operations to one another^ in which the significations of 
the several letters are left perfectly indeterminate^ from (2) tlie 
more special investigations (to which e. g. the consideration of 
convergent series^ definite integrals^ and such like belongs) in 
which the letters have been already subjected to particular con- 
ditions. The former^ i. e. the perfectly general doctrines^ also 
contain the perfectly general infinite series^ which^ precisely 
because they are general^ can neither be designated as divergent 
nor as convergent^ whilst the most essential applications of mathe- 
matical analysis depend chiefly upon these most seneral doctrines^ 
because we have so frequently to calculate with unknown ex- 
pressions^ whose combinations with one another and with known 
expressions it is generally impossible so to appreciate as to be 
enabled to pronounce^ at once, previously to any calculation, either 
that they are actual^ or that they are imaginary^— or that the 
series^ which occur in any case, containing such combinations^ 
are convergent or divergent If then we had no general doctrines 
which could supply us with the conviction of being able to 
'^ calculate" correctly with such expressions^ in spite of their 
being seneral, we should be obliged to give up such calculations 
themselves, that is, precisely those calculations whose object it 
is to discover the unknown expressions one by one. Hence, if 
we might not calculate with e.g. infinite series, till we had 
ascertained their convergence beyond a doubt, we should be 
obliged to give up as hopeless very many applications of 
calculation. 

To illustrate this in some degree by one single example, let 
us consider Taylor's Theorem. 

h' h^ 

or f(x -f h) =/(x) -f/'(^) • h +/'' W . 1^ +/'" W . 1^, + . . . 

If those analysts were right, who assert, that this theorem 

may only be applied when it forms a convergent series, we should 

only be enabled to employ the differential coefficients n^ or 

f\x), Dj^ ov f"{x), &c. upon the hypothesis that they were 

always actual. But how often do we apply equations like 



INTRODUCTION. ly 

D (cos a: + 1 . sinjr) = — sin or + 1 . cos x, 
D* (cos 0? + 1 . sin J?) = — cos j: — t . sin x, 
or D(e'') = t.e"; D"(e") = — e'*, where t represents ,J^? 

The idea of convergence may be certainly so generalized as to 
be applicable to series^ whose several terms are imaginary ; but 
by so doing we only encounter new theoretical difficulties with- 
out having set aside the old ones. 

However, we will not enter any further upon infinite series 
at present, withholding our observations till our view of calcu- 
lation has received a systematic foundation, in order then to 
consider infinite series more fundamentaUy according to that 
view. The object of this introduction has been simply to draw 
attention to the facts, (1) that when we calculate with unknown 
expressions, we are often quite unable to decide, during the 
calculation, whether the series which we have to deal with are 
convergent or not; and for the same reason are as little able 
to know, during the calculation, whether the expression with 
which we happen to be operating, is actual or not; broken or 
not; negative or not; whole or not; (2) that we must conse* 
quently find a method of calculating in safety with infinite series, 
even while perfectly general, so that we cannot speak either of 
their convergence or divergence; (3) that the contradictions 
which are encountered in the higher calculus, may have, and do have 
their sources only in the very Jirst elements ; finally, (4) that the 
views which the author has been publishing in a more complete 
form since 1822, may be sufficient, as soon as they are readily and 
willingly entered into, to set aside all those contradictions. 

The author will now proceed, not only to enunciate these 
views shortly and distinctly, but to prove the same logically and 
systematically. 
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FIRST CHAPTER. 

SEcnoN I. 

Ws first start from (indenominate, -whole) numbers. Two 
of them a and b, may be mentally combined in a third c in Buch 
a manner that c may have as many units as a and b together; 
and then if we suppose b and c are given, we can conceive 
the number a which when added to b reproduces c. These 
two acts of conception are now termed addition (of a to b), 
and subtraction (of b from c)*. These acts of conception, which 
are also termed (mental) operations, are represented by ( + ) 
and ( — ), and the above mentioned numbers by a + b and c««6 
respectively. These latter j^rmr (and not the numbers whidi 
they represent) are termed respectively sum and difference* Ob- 
jectively considered, addition and subtraction consist in simply 
writing down these forms a^hb, and c — 6. 

Section 2. 

From this it follows immediately, that when sums and differ^ 
ences represent real numbers, we may, agreeably to the ideas of 
addition and subtraction, interchange a + b with b + a, as also 
{a + b)-{-c with (a + c) + b, or with a + (ft +c), and finally (c — 6) + ft 
with c. 

If we then at first term two such form^ or expressions, 
^* equal," as represent one and the same (indenominate, whole) 
number and wmch may consequently be interchanged with one 

* We beg leave to draw the reader's particular attentioii to the &ct, that, in 
endeavouring to lay a rigorous foundation for a science, nothing may be taken for 
granted. Hence we are in no respect justified in assuming common cyphering, 
which must hereafter find its proper place in the edifice of the whole science. It 
may be in the mean time observed that what is there termed addition or subtraction, 
is, m fact, no addition or subtraction at all, but a trantformation of e.g. the forms 
24+35 or35->24, which were obtained by the real addition and real subtraction* 
into the new forms 59 or 11. 
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another agreeably to the laws of the operations^ and we use 
the sign (=) in order to express this £aict, we have immedi- 
ately 

(1) a + 6=5 + fl. 

(2) (a + ft) + c = (a + c) 4- 6 = a + (6 + c) ; 

for addition^—- and 

(S) {a-b) + b = a, 
for subtraction^ i. e. for its relation to addition. 

Section 3. 

If we would conceive the opposition between addition and 
subtraction^ and generally the relation of these two mental acts 
to one another with perfect generality, we must first of all 
generalize the ideas of " sum" and '' difference" and " equation/' 
in order that we may no longer be obliged to consider the ex- 
pressions as representing real (whole, indenominate) numbers. For 
this purpose we understand by the sum a + b, or a -\-b +c, 
(without further regarding the signification of the several let- 
ters) the mere form, endowed with tlie property that the sum- 
mands which occur in it may be supposed to be placed in any 
order; and by the difference a-b, likewise the jnexe form, en- 
dowed with the property that (a—b) + b may be every where 
interchanged with a*. If we further understand by addition 
and subtraction, nothing more than the construction of these 
forms a + 6, and a — b, (and therefore, objectively considered, the 
mere writing of them down,) these last ideas are generalized at 
the same time with those of sum and difference. 

Finally, if in order to have a more general idea of '^ equa- 
tion" for these general sums and differences, — we term any two 
general expressions, i.e. such forms (as arise from so called 
symbolized, and therefore conceived, and therefore real operations) 
'^ equal" to one another, when they are interchangeable with 
one another agreeably to the laws of operation, — the question 
immediately presents itself: what is agreeable to the laws of 
operation ? Now since the operations have been only abstracted 
from indenominate whole numbers, and we can consequently 
only come into contradiction with these whole numbers, the 
idea of ^'equation" must be such that two expressions which 
are generalli/ acknowledged to be '* equal," must, in all those 
particular cases, in which they represent whole (indenominate) 
numbers, also always represent one and the same (whole) number. 

If then two expressions are '* equal,*' whenever they may, with' 

out contradicting the laws of operation, be unconditionally substituted 

for one another, we shall be enabled to recognize the equality 

• The difference a—h consequently represents the property (and therefore every 
expression which possesses this property) that when the subtrahend b is added to it> 
the result is the minuend a. 
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of two expressions which are anywise compounded by (sym- 
l>olized) addition and subtraction, by provinff that there exists 
a. third expression which when added to eadi of the two first 
expressions, produces two sums, that may be transformed into 
one and the same expression, either by applying the interchangings 
allowed by the definitions of sum and difference, or by substi- 
tuting for these sums two other expressions which have already 
l>een ascertained to be equal in this sense. 

Section 4. 

From these definitions it follows: 

(1) If each of two such expressions is equal to a third, 
they are equal to one another. 

(2) When such equal expressions are added to, or sub- 
tracted from equal expressions they will produce equal expres- 
sions. 

Section 5. 

By means of these propositions of (sect 4) we may imme- 
diately deduce from the equations of (sect. 2), which have been 
established as general in (sect. 3), viz. from 

(0) a + b^b + a; (I) (a-6) + 6 = a; 

and (1) (a + b) + c = (a+c) + b = a + (b-^c), 
a countless multitude of new equations ; viz. among others 

(II) (a + 6)-6 = a; (III) fl-(a-6)-:6; 

and (2) (a -k- b) - c = (a - c) + b = a + (b - c) ^ a ~(c- b) ; 

(S) (fl - 6) - c = (a - c) - 6 = a - (6 + c). 

If such equations were proposed synthetically as theorems, 
they could all be proved by adding the same expression (for 
which we should choose the subtrahends which occur in the 
above expressions) to both of the expressions which purport 
to be equal, and shewing that the definition of (sect. 3) is sa- 
tisfied, i.e. that one and the same expression results in each 
case. We have not however to regard the signification of the 
several letters in any place, these last really becoming, directly 
that the ideas have been thus generally conceived, mere supporters 
of the operations, i.e. of the mental acts of addition and sub- 
traction, considered in their mutual relation to one another, and 
per se. 

Section 6. 

To deduce new equations from given ones in pursuance of 
some given object, is termed '^ calculation*" 



tt 



* We direct the reader's particular attention to this perfectly general idea of 
calculation," It includes all kindi of '' calculation ;" and may, for systematic 
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We are therefore able from henceforth to ^^ calculate" with 
all sums and differences^ witkoui paying any further regard to 
the signification of the several letters (i. e. of the sereral suj^Mirters 
of the operations}. 

&cnoK 7* 

In the difference a—b we may either suppose that a is not 
equal to b, or we may also suppose that a ts equal to b. In 
the latter case we encounter the differences a — a, b — b, z— z, 
&C. &c., which are by the definition in (sect. 3) all equal to 
one another, and may therefore, by (sect i, Na 1) be all agree- 
ably to the laws of operation, substituted for one another, and 
which we may and do consequently denote by one and the 
same symbol (zero). Thus is zero introduced, and in this 
sense it can from henceforth be employed. 

Zero is therefore the representative of the form a— a, (where 
a is a mere supporter of the operations, and may be replaced 
by any other symbol), and as this form is governed by the 
laws of subtraction, we are able to "calculated' with it in a 
determinately prescribed manner. Thus if we suppose that in 
(sect. 5, No. 2) c = a, or c=6, it results inmiediately, that 

(1) ^+0 = + 6=6, and (2) &-0 = 6. 

Section 8. 

We shall then also be able to "calculate" with the forms 

+ 6, and O-b, 
which are more usually written in an abbreviated form, thus 

+ b, and —6*. 



purposes, be thus verbally expressed: ** Calculation'' is the discovery, in puiBoance 
of given objects, of new forms which we may substitute for given forms with the 
consciousness that such substitution will not be contradictory to tiie laws of ope- 
ration. 

Thus, if we have to add 24 and 65, we obtain first, from the above idea of 
addition, the form 24+65 ', after that the business of "addition" is thus complete 
and the result of addition, viz. the form 24+65, obtained, "calculation' com- 
mences, which is no longer any addition* but simply a transformation of the form 
24+65 into new forms, viz. first into the form (20+4) + (60+5), then into the 
form (20+60) + (4+5) ; next into the form 80+9 or the form 89, whilst we have 
during this trannormation, since it is performed in aeeordanee with the laws of 
operation, the consciousness, that this new form 89 may unconditionally, and in 
all places be interchanged with the old form 24+65, i.e. (in this particular case) 
that the new form 89 denotes no unit more nor less than was already denoted by the 
old form 24+65. 

And as this simple example may have sufficed to shew, that common calcu- 
lation with cyphers (which wul not follow till somewhat later on,) is contained in 
the above given definition of calculation^ the same may be in like manner shewn, 
or will rather be self-evident in all foUowmg ^^calculations." 

* Since 6 is still perfectly general, and considered as a mere supporter of the 
operations, these expressions are not yet such as afterwards make their appearance 
under the name oi positive and negative numbers. But these expressions (+6, — 6) 
may, if it be wished, be respectively termed additive and tubtractive exprestions. 
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For we find immediately from (sect. 5, Nos. 2 and 3)^ by putting 
for h, and h for Cy or similar substitutions, 

(1) +5 = 6; (2) a + (-6) = a-6; 

(8) a-(-6) = a + 6; 

(4) (-a) + (-6) = -a-6 = -(a + 6). 

Section 9. 

From these last equations it follows further, that any ex- 
pression anywise compounded by addition and subtraction, as 

fl -6 + c — d - c +y-g, 

(which will be perfectly determinate if we suppose that its se- 
veral parts are to be added and subtracted m the order of 
reading from left to right, i.e. that it is the representative of 
the expression 

n(C(«-*)+c:-«o-e}+/]-ff) 

^¥aay be always considered as the sum 

(+fl)4.(-i) + (+c) + (-iO+(-0+(+/) + (-^)- 
Whence follow 

(1) the proposition, that the terms of any such compound 
expression, wnich we usually term an algebraical swn, may be 
arranged in any order whatever, and 

(2) the rules for the practical addition and subtraction of 
such expressions, i.e. for tne transformation of results obtained 
by the real addition and subtraction, i.e. by writing down e.g. 
the sum (a — 6 + c) + (— wi + n — p), 

or the difference 

(a~6+c)-(-m + n -p), 

into expressions which have also the form of algebraical sums, 
viz. respectively into 

a—b+c—m+n^p 

or a-^b-hc + m — n+p. 

Section 10. 

After completing the doctrine of perfectly general sums and 
differences, and establishing the resulting rules of calculation, 
we may enter into particulars, i. e. into the consideration of what 
would result from supposing that every letter represented either 
a (whole, indenominate) number, or any arbitrary expression, 
which has been obtained from whole numbers by (symbolized^ 
addition and subtraction. Now the proposition (sect. 9> No. I.) 
teaches us that everi^ final result can upon this supposition be 
reduced to the form a — /?, where a and /3 are any real (whole, 
indenominate) numbers perfectly independent of one another. 
This form a — /9 may then be transformed into 
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+ 7, that is + 7, 


or into 


0, 


or into 


0-7, that is — 7, 



according as a has more units than, as many as, or fewer than /?. 
Thus arise the positive and the negative whole number. 

A positive or a negative whole number is therefore nothing 
but a forms which results from the symbolized (and therefore 
conceived, and hence real) addition or subtraction of a real 
(whole, indenominate) number, to or from zero ; and we shall 
have to '^calculate" with these forms according to the laws of 
operation enunciated in the above equations (sect. 5, 6). 

By (sect. 8, No. I.) the absolute (i. e. real,) whole number can 
be substituted for the positive whole number and conversely. 

Hence we have in our subseauent investigations to take into 
consideration real or positive whole numbers, negative "whole 
numbers and zero, and we must not come into contradiction 
with them. We comprehend all these three ideas, however, in 
the single difference a — ^ of two whole numbers, in order to pro- 
ceed with logical certainty and at the same time conveniently. 



SECOND CHAPTER. 

Section 11. 
Wb rest the ideas of ^' multiplication" and " divisum" upon 
those of the product ab and the quotient j or a : 6. We under- 
stand namely by the words '' multiply or divide" (a by b) nothing 
but ^'construct the forms" ab or j-, hence, objectively con- 
sidered, simply ''write down" these forms. Hence the more 
we generalize the idea of the product ab and the quotient -7 , the 

more generally will the ideas of ''multiplication" and "division" 
be conceived. 

SscnoN 12. 

But in order to proceed systematically correctly from par- 
ticulars, we first explain the whole product a 6 to be a symbol 
of this form (a 6), in which the " multiplicand" a is already con- 
ceived as perfectly general, while the ^'multiplier" b represents 
a real whole number, and which denotes the sum a-ha + a-h ... 
of b summands. 

From this idea we immediately deduce 

(1) a(^ + 7) = fl/3 + a7 and (2) aifi-y^^afi-ay. 
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"where a is perfectly general (a mere supporter J, but /3 and y 
are any real whole numbers subject to the condition (in No. 2.) 
that ^ — 7 also represent a real whole number. 

Section 13. 

Hereupon we define the difference-product ab as a. symbol of 
this form (ab), in which a is considered as perfectly general, but 
in which 6 denotes any difference /^ ~ 7 of two whole numbers, 
and which represents the difference a . ^ — a . 7. This definition 
is chosen with reference to (sect. 12, No. 2) in order that the dif- 
Jerence-product may include the whole product defined in (sect. 12) 
as a particular case. 

In these definitions are included the equations 

(1) fl . = and (2) a (- 7) = - fl . 7, 

where —7 denotes a negative whole number: and we, there- 
fore, now know what is the meaning of multiplying a perfectly 
general expression a by zero, or a negative whole number, i. e. 
what we may, agreeably to the laws of operation, substitute for 
a . and a (— 7). 

Section 14. 

We next propose the three theorems, 

(1) ab = ba; (2) {ab)c = {ac)b = a{bc)) 

(3) {a -\-b)c = ac '\' be = c {a ■¥ 6), 

and prove them once, for the case that all the letters a, b, c 
represent real whole numbers, and then once again for the case 
that all the letters a, b, c represent any differences of two whole 
numbers, as e. g. the differences o - /§, 7 - B, /ui — 1/. (Compare 
System of Mathematics, Vol. i. sects. QO, 91-) 

After this has been done, we can propose the (perfectly) 
general product a 6, as a symbol of this form (ab), endowed with 
the property that a 5 is interchangeable with ba, as also abc 
with acb and with a (be), and finally also (a + 6)c with ac-hbc, 
without having to fear that we shall, by so doing, contradict 
the .laws of operation; just because we have as yet nothing but 
differences of whole numbers, while the permissibility of these 
interchanges has just been proved for those difi*erences. 

If we now continue to mean by " equal expressions," with the 
same generality as in (sect. 3), such as may be unconditionally 
substituted for one another, without contradicting the laws of 
operation, then the equations (1 — 3) ^ill still hold, although 
a, b, c are conceived with perfect generality as mere supporters 
of the operations, so that we can no longer • speak of their 
particular signification ; and these equations (1 — 3) merely ex- 
press the relation in which the abstractly xjonceived operations 
per se of '* multiplication" and ''addition" stand to one another. 

2 



Smuscm 1£« 
We next explain the differencC'quotient 7 ^ or a : & as a Kftahd 

of this form ( ^ j ^ or (a : h\ in which it is presupposed that a 

^xA h Mjpresent any differenoes of whole ninabersy and whidh re- 
fiieseDts that difference of whole numbers which when muUiplki 
ff^ fleets. 11 and 18) by the " divisor^' b produces ilie '^diniaend* 
€L .Mence 

SEcnoN 16. 
We soon convince ourselves: 

1(1) Iliat die qnoitieDt t has not always sndi a signifioatioi^ 

L e. fliat lihere does not always exist a difference of whole xmm- 
Jbfirs which, when multiplied by the divisor b, produces the 
dividend a; and 

(2) That in the particular case when a and h are equal to 
zero, there are an infinite number of differences of whole num- 
bers, which may be represented by the quotient ^i finally 

(3i) That, with the exception of the cases in jTNos. 1 and 2), 
the difference quotient always represents one single determinate 
difference of whole numbers. 

(4) The assertions of (Nob. 2 and 8) muy be ako emmciatad 

JH» follows: If eadi of two differenoes J and jB of whole numbers 
be multiplied by C (by sects. 11 and 18% and we find liud 
A^CssB.C, then we must necessarily have A=^B, provided that 
C is not zero. 

This last result is of extreme importance £ar iiie wlible of 
analysis. For it follows from It, lliat: 

(5) If we multiply or divide equal expressions, ivpreBenting 
the same difference of whole numbers, by other equal expressions, 
l2ie result will always be equ<d expressions; promded tbtU we 
never divide hy zero, 

'(>6) Whenever ^ben a general divisor beoomes equal to axgo 
in particular cases, we must no longer consider .equations which 
contain such a divisor as necessarily correct : i« e. nev£r divide 
by zero. 

The form -, whose dividend a is any expression, and whose 

^visor is zero, is consequently inadmissible in any calculatioxi. 
Whenever it appears it is always a sign tiiat, for the particular 
'case which occasioned its appearance, the general caloutatien 
suffers an exception : that we are consequently unable to retain 
that general t^cnlntion in Urn par^dw g4; that we mat 
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therdbre mstitiite a parttcukr <»lc«latiini far this p«rtic«kr caa^ 
at any rate from the fKoikt where we first divided by sere*. 

Bbcthin 17- 

Moreover, upon the supposition that all the letters denote 
differences of whole numbers, we immediatdy deduce from the 
equations of (sects. 14 and 15) viz. from 

(0) a.b^b.a; (I.) j.6 = fl; 

(1) {a.h).c:*(a,c).b, and (4) (a + 6)c = ac + &c; 
any xmmber «if new equations, and among others the equations, 

(II.) ^ = a; (III.)fl:J = »; 

#^x oh a , b C 

(2) T = c-* = ''-c=''=*' 

(S)j:«-^=;^; (6) (a-6)c««c-6«; 

(6) -r-=7+::' 0) 



wf 



c c c ^ ' c c c' 

a a^be ,^^ h ac^b 

b ^^ c c 

(ID) ^»s + — g^; andalBO (n)5=j^=y^; 

* For example, reqnifed the point of intersection of two stmigbt lines lepm* 
sented by ihe equations y sax^6 and v=:a'«+&'. Jf tuck a pmnt qf initnectM 
exist, its two coordinates will, when substituted for x and y, render the two eaua- 
tions (1) vssas+b, and (2) y^a'<C'{-h' simultaneously identical; and we shaQl 
theiefoie find them liy solving the equations alsebraicaUy. Jf ow« l|y eliminatiag^ 
V we obtain 

(3) (a-a')«a6'-l>; 

faencei if a-^a' ii nxft egital to zero. 

Bat if a-'a'^O, that is asaa', then we can no longer admit this result (4% 
although the result (8) still holds: the equation (3) now becomes Osfr'-^ 6, aiM 
contains a contradiction unless b'^b, and this contradiction shews, that the sup* 
position qfthe existence of a jtoint of intersection m this case involves a contradiction, 
i.e. that in this case no such point of intersection exists, i*e. that the two straight 
lines are jmralUl to one another* 

Or, we have to transform the quotient , ,, , > o . "* into a series proceeding 

a'^bx+C3r+.,, '^ ** 

according to whole powers of x. i.e. to find the coefficients Po> ^i> ^s* &c* of the 
aeries Po+Pi3r4-Psff'<9-*» which is equal to that quotient. We obtain for the 

determination of Pa the equation as a'. Pa, whence Pq^^ -7 if a' m not tero. But 

a 

if asO, then this general result can no longer be retained, and the direct particular 

tieatment of this case then «hewB that in this case the series does not begin with 

BQch a term as Pa but with the term ^. 
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provided that none of the divisors is zero, and also that all the 
quotients denote differences of whole numbers. 

And if those equations are synthetically proposed, they may 
be proved by multiplying .the two expressions to the ri^ht and 
left of the sign of equality in each equation by some one of the 
divisors which occur in them^ and applying the proposition 
i(sect. 15> No. 4)> or adding to both sides any expressions which 
are subtracted, and applying (sect 3). 

Section 18. 
W^ can now conceive the idea of the quotient j- quite gene- 
rally, meaning by it a mere symbol of the form (t)» endowed 
with the property that t • b may be everywhere interchanged 

with a. Hence the general quotient t represents the simple pro- 
perty, (and consequently every expression which possesses this 
property), that when it is multiplied by the divisor b, the result 
IS the dividend a. 

Section 19. 
Hence if we still call two expressions which contain (sym- 
bolized) divisions, ^^ equal" as in (sect. 3), when thejr may, a^ee- 
ably to the laws of operation, be unconditionally mterchanged, 
the question again arises, as in (sect. 3), what is agreeable to the 
laws of operation? And we must answer this question in a 
manner analogous to that in (sect. 3). Since we are at present 
tmly acquainted with differences of whole numbers, and can 
therefore only come into contradiction with them, the character 
ixf the equation must be such, that two expressions which are 
recognized as generally equal, shall in all particular cases^*— as 
e. g. when all the letters denote differences of whole numbers,—- 
represent one and the same difference of whole numbers. We shall 
therefore ascertain the equality of two expressions, compounded 
in any manner whatever by (symbolized) addition, subtraction, 
jntdtiplication, and division, by shewing that there exists a third 
expression, which is not equal to zero, and such, that when each of 
the two first are multiplied by it (sects. 11 and 14), products 
result that may be made to pass into such expressions as are 
6qnal to one another according to the characteristic of (sect. 3), 
b^ applying the interchangings permitted by the definitions of 
product and quotient (sects. 14 and 18), or by substituting two 
expressions for one another which have already been ascertained 
jto be equaL 

Section 20. 

Now from these definitions, in conjunction with those of 
(sect. 11), if follows immediately even for expressions which still 
contain divisions, that : 
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' *^ 



(1.) If two expressions are equal to a thirds they are eqjoal td^ 
ODe another. 

(2) When such equal expressions are added to^ subtracted. 
from> multiplied or divided by equal expressions^ the results^ f"^ 
vided tve never divide hy zero, %. e, under the sole condition that no 
divisor is zero, are also always equal expressions. 

And from this^ not only does the general correctne^ follow of 
all the equations already proposed in the preceding ^sects.), but 
general '^ calculation"' (accormne to sect. 6) with general forms^ is^ 
within the four operations hitherto considered,, rigorously esta- 
blished, with this one exception, that general results are no longer 
to be permitted to hold, as soon as ^ne of the divisors (in any 
particular case of application) becomes equal to zero. And at the 
same time we have in no case to- regard the signification of the 
particular letters, so that it is convincingly self-evident, that^ to 
whatever extent we continue the " calculation," (in the meaning 
of sect. 6), each several equation continues to enunciate nothing 
more nor less than the relation of these 4 operations or mentv 
acts to one another, — each equation in its own peculiar manner. 

But the relation of these 4 operations to one another is al^ 
ready completely enunciated in the following 7 equations, viz*. 
in the equations 

<1) fl + 6 = 6 + fl ; (2) (a + 6) + c = (a + c).+.6;; 

(S) (a-6) + i = «; (4) a.6»&.«; 

(5) (a5)c = (ac)6; (6) (a+b) .c^^ae + bc; ' ' 

a 



(7) j.6 = a. 



f) 



• Any further equation (containing no other than these 4jOp^4^ 
tions) is to be considered as derived from these 7> so t^at^fv^jy 
further equation only appears as a particular case^ or ^^.a.ii^^i^r 
bination of two or more of these 7 equations. , -...ii 
- The two first of these seven equations contain the. fundar 
mental property of addition, the third contains the defini|ion,pf 
subtraction, the fourth and fifth contain that fundamental priEH- 
perty of multiplication which it has in common with, addition, 
tii0 sixth expresses in particular the connection between miv^ltiplrir 
cation and addition, and completes the essence of multiplication^ 
the seventh of these equations, finally, contains the diefinition f^f 
division*. .in 

And whenever two '' equal" expressions in any paitieiidar' 
case denote differences of whole numbers, they will. aIwi^s 4^^ 
note one and the same difference of whole numbers ; 4M3d tl^ieri^^ 

.III »pil« H ■ ■ Ill, 

* We may also say : The first and second of the seven equations contaiik tke 
character of the sum, the third the definition of the difference ; the fourth and fifth 
enunciate that character of the product which it has in common with the sum>,while 
the sixth shvws the connection between the product and the swui, olndtkui com- 
pletes the character of the product. Finallyr the seventh cnumoates the definition 
of the quotient ; all conceived in the most general sense. 
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fare two such ^ equal** expreisnom will also denote one and the 
same real whole number^ whenever both actually do cepvesent 
seal whole numbers at all ; all of which necessarily followa from 
the given definition of the general equcUion. 

Sbciion 21. 

If we now apply these equations to particular case^ we ob« 
tain at once from the ideas of (sects. 7 and 8) 

(1) tf.0 = 0.a=50; (2) -«0; 

(3) ». (- 51= (- h) (+ a)=^- ab ; 

(4) (-a)(-6) = + a6 = a6; 

And from these result the well known rules for the ^^ prac« 
tical" multiplication of algebraical sums, when the proposition in 
(sect. 9)j ai3id the formulas for sums are applied. Tms '^practical" 
multiplication, namely, is no real multiplication, but a transfbrma^ 
tion of the product obtained by the real (i. e. symbolized) multi* 
plication, into a new algebraical sum. 

The meaning is perfectly analogous when we speak of the 
division of two algebraical sums. The real (i. e. . symbolized} 
division is immediately performed ; but the desired result^ i. e. 
the transformation of the form (quotient) first obtained, into an 
algebraical sum, can only be effected by application of the formula 

w = « -h ' T> ' y (sect. 17, No. 10), which has to be rapeatediy 
applied*. 

• For example, if we have to divide the algebraical sum am—hm+cm-^an 
-f*6n— cn + op— 6p + cp by the algebraical sum —m + n-'f, we obtain at fizat 
from the definition of (sect. 11) the result 

flm~'few-Hc»»--an+fcn~c»+'ap— tp+cp 

— !»+«— p 

After the divinon is thus completed, transformation or " calculation " com- 
mences» and this result has to be transformed according to the above cited formula. 
For this purpose we take as the first summand ?, either —a, or +6, or— c (or finally 
any other fourth expression, which however would be in so far inappropriate that 
the second summand which is always found from> the first, would, be not simpler, 
but more complex than theoriginal expression, although in sill cases correct.) 

Thus the aoove quotient is first transformed (if we apply the formula (sect. 17) 
No* 10) in Older to obtain the second summand) either into 

the sum -a+ ^ ^ , 

— m+n— p 

—m'^n — 'p 



or the sum +&+ — — — . _ _ , 



- „ - , am— 6m— a.n + 6n-f op— 6p 

or finally the sum — c+ ^ ^ . 

- — wi+«— p 
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All the ffiial results which are compounded of irhole nanip* 
Bers by the four hitherto named operations^ may be reduced 

t9 the form* jt , idiere 7 - S is iio^ zero, but either poafibiye or 

negative^ but where a — /3 is zero^ or positive or negative. This 
quotiei\t therefore splits into 5 different forms^ viz. into the fbrms 

(0) +/*, -Ai, +-, -- andO,. 
ndiere fi and p are any real whole numbers^ while - is not equal 
to any whole number. The form per «e - ia now termed a 

Broken number, while the forms + - and — - are respectively 

called the positive and negative, broken numbers. These five 
forms^ which are all contained in the single idea of 

*' a quotient ^ of two differences of real- numbers^" 

are called actual numbers (in contradistinction to new forms per 
se, which, are afterwards introduced by the generalisations of 
roots.) 

A fractvm or a broken number is consequently^ according to 
this view^ no magnitude^ nor part of a whole^ but a mere sym- 
bplized division of two whole numbers^ which remains per se* 
It will hereader be seen that the broken denominate number 
appears as part of a whole^ and^ like every denominate number, 
as a magnitude. But no ^^calculations" are ever made with 
denominate numbers, because by (sect. 6), *' calculation" is only 
possible with expressions, L & symbolized operations* On the 



ISow whether we take the first, or the second, or the thud of these last dxprea* 
aons, the second sommand may, since it is a quotient, be also transfonned into 
a sum of two summands^ of which the first is to be chosen arbitrarily^ or in pur- 
suance of some giyen object. Thus we obtain die six following new formS) which 
are equal to the above : 

. etri'^-iin-^ep ^hm+bn—bp 
— a+6+ -, or-a— cH ; **, 

» . om— on+<;p , am—an + ap 

••»"t"W— p — lU+W— p 

-^bm'^'bn-^bp , am—an+ap 

or -c-a+ J^ , or-c+6+ — / . 

In time six expresnons we can again ttansfonn the third summand in each 
CUB, since it is a quotient, by the formula cited in the text, into a sum of two 
summands, of whicn the first may be choseu arbitrarily* If we select this first 
mimmand so that the results may be simplified, we find (in this example) that the 
second coireeponding summand is in each case zero, so that we obtain these results, 
vi».— «+6— c, — «— c+6, +fr— o— «, +6—0—0, — 0— a+6, and — c+6— a, each 
of which may be substituted instead of the first quotient, because it is ''equal" to it 
according to the idea of equation given in (sect* 3), and repeated ia (amiU 19)* 
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yQtber.blUEiA^v^e can at onee '^ calculate" with fractions^ as /they 

Jjf^e beea just* defined as symbolized divisionsj^ according to the 

)|||rQCeding (sectioos); so that a particular doctrine of fractkxis, 

.f^i^h aB) has (hitherto usually been given by itself^ is^ according to 

this vicH^ as superfluous as a particular doctrine '^ for calcu- 

^latin^ with positive and negative" would have been in the pre- 

.^eding pages. 

~ Section 23. •' 

If a and b are actual numbers^ then a — 6 is either positive, or 
^eto^ or negative*. In the first case we say : a is ** greater" than 
b, or b is "less" than a; in the second that a = b; in the third 
that a is less than b, or b greater than a. The symbols a > 6 or 
q<.b consequently only express that a — 6 is equal to a positive 
or negative number, which may be either whole or broken. 

Hence it follows, as long as we only speak of actual numbers, 
that: 

(1) l£a>b, then «±c>6±c: while ac ^bc, and - ^ — , 

according as c is / P^^^*\^® I . 
° \ negative J 

' (8) If a > b, and o > c, then a > c. 
" (3) Zero is greater than any negative number. 

(4) Any positive number is greater than zero and ako than 
any negative number. 

{5) A negative number is the smaller, the greater its abso- 
lute term. 



a 



(6) Any proper fraction r (where a <:b) is less than I ; 

while every improper fraction t (where a > 6) is greater than 1. 

(7) If two fractions have the same denominator, the smaller 
fraction has the smaller numerator ; if they have the same nu- 
merator, the smaller fraction has the greater denominator; if 
they have different numerators and denominators, the smaller 
fraction has the smaller numerator, and at the same time the 
larger denominator. 

(8) Any greater number has more units than a less one. 

... (9) All actual whole and broken numbers may be conceived 
aa a series in which they become '* continuously" greater from 
■rt. 06 1 through up to + 00 , and, read in the contrary order, be- 
come " continuously" less : i. e, between any two fractions, or 

• We ought properly to say: a— 6 is "equal" either to a positive number, or 
to zero, or to a negative number; for the form a—b, precisely because it is this 
form, cannot be at the same time another form, but can only be transformed into 
another form which is *' equal" to the former. Such phrases, which occur very 
frequently hereafter, are alwavs to be understood with the above correction* 

t This symbol oo is here always to be read infinity, and is intended to represent 
a positive number which is always considered to be greater than any determinate 
number however great. 
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between a fraction and a whole number, however little they may 
be supposed to differ from one another, an infinity of other frac* 
tions may be conceived as lying, all of which are greater than the 
less, but less than the greater one in the original pair. This may 

b& made evident as follows. Take any fraction as -, then it 
will be "equal" to the fraction — ; and consequently ^— 

and — - — are two fractions which are respectively less andf 

7 1 

greater than « hy — , whatever whole number we take for ir. 

But if we conceive the whole number it to be infinitely great, 
i. e. greater than any determinate whole number however great, 
the difference between two consecutive fractions of the following 
three fractions 7n — 1 7 7w + 1 

Sn ' S' 3n 

will be infinitely small ; i. e. always smaller than any determinate 
number however small. 

This is what we mean here (or hereafter) when we say that 
these 3^ fractions lie '^ continuously," or are '^ contiguous* ta one 
"another. 

(10) Among the fractions which lie continuously to one 
another, by far the greater number have an infinitely great deno- 
minator, and then also a corresponding infinitely great numerator 
(whereas the fraction itself is oy no means infinitely great, but 
lies between two other fractions that are near one another, and 
have finite numerators * and denominators). These are called 
irrational numbers, and whole and broken numbers with finite 
numerators and denominators are then termed (in contradistinc- 
tion to the irrational) rational numbers. 



THIRD CHAPTER. 
Section 24. 

Wb can now, starting again from particulars, first define the 
whole power of as a. symbol of this form (a*), in which the " dig^ 
nand" a is conceived as perfectly general, and the " exponent" b 
is a positive (or absolute) whole number, and which denotes the 
product a . a . a ... of 6 factors. 

From these definitions it would then follow that : 



(1) a^^a^.a''; (2) «— = fL. 

a" 

and (5) (a-)"= a"*". 



a' 
{S){ahr^a-.h-; i^) iff -%l 



2—5 
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Afterwarcra we denne tac ot^^wcwcc-powflr ^r m a ijnlMl oi 
dds fonn (o*)^ m wMch a is perfecdy general, and b any daffi^- 
eiice fx — vei two wbole numbers, and whieh denotes the qoottenH 

— , ^Aa/ ir the above product of /m — v factors when m — v>l, 

or a itself when /m ~ v = 1, or 1 when /x = y (or /a — vs: 0), or finally 

Ae quotient — --- when r > /m or /ui< r, i. e when /»— v iis a nqp»i 

live whole number. 

We then immediately prove that the same 5 equations (for« 
muke or laws) hold also for these difference powers* 

SficnoN 25. 

" To eanstruct/' i. e. ^ write down the powor o^/^—thia 
business may now be termed the poientiaiion (of a hj ii), said 
this idea of potentiation will be extended, bt^ leaving tt verbally 
unaltered, simultaneously with the idea of the power cr itself. 

SBcnoy 26L 

Conceive each number in the continuously inc r eas i n g aeries 
of all positive whole and broken, rational and irrational nnmbera, 
firom to 00 , potentiated by any positive whole nmnber my, we 
shall then obtain another series which increases contimiocnij 
&om to 00 *. Consequently if a is any number of the latfe^ 
aeries, there wiU always be a number of the f&st series, and never 
more than one such, which when potentiated by m reproduces the 
number a. This number is represented by 1^/a and this symbol^ 
i. e. this Jhrm, is called a root. Conceived in tibia particttlar case 
where a is zero or positive, it may be called the positive or abso^ 
' lute root. It consists of the radicand a and the root^exponent nt, 
which last is always supposed to be positive whole. 

There always exists then a positive number represented by 
^e positive root ^a, and never mate than one such number ; 
and this will be, generally speaking, an irrational number, whose 
existence has been already pointed out, but which can never be 
exhibited, because it has an infinitdy great numeratcnr aiid an 
infinitely great denominator, or because it appears as an infinite 
aeries of terms all added together. 

A whole or broken number, which only difiers from the num- 
ber we wish to assign, by a very little, is termed an approximate 
value. In applications to the co m p a r is on of magnitudes, we may 
usually employ an approximate value instead of the true un- 
assignable value, as must however Jirst be proved on that occasion. 



* This mwt and can be proved. See System of Mathematics, Vol. z. § 162, 
(2nd edit.) 
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Saanxm 9J. 

For tRese positive roots the following truths may be hmnei 
'diately proved, viz. 

(!> V^^::;a.:fh; (a) ^=^; 

(5) ::/?=a=; (4) ::fi:fa)^^a; 

where however it must be presupposed that the power^exponenU 
are differences of whole nmnbersy the root'-^exponents on the other 
hand positive whole numbers^ andJinaUu the dignands and radim 
eands all whole or broken positive numoers (or zero, provided no 
division by zero occurs), because in any other case either one 
side or the other of these equations will be entirely without 
signification. 

Section 28. 
But we may employ tibie preqeding equation (3),— which was 

proved when we supposed — positive or negative, whole or zero, 

and the dignand a positive,-*-for the purpose of introducing the 
actual broken (or rather ^e actual quotient-) power, i. e. the 
power, whose exponent i» any actual number, but whose dignand 
is positive (whole or broken) or zero (but never negative). We 

ft 
shall, namely, understand by tfee ^actual power" d^, where a 

IS positive or zero,, v positive wiio]^, /x either zero, or positive, 
or negative whole, where consequently ^ may be zero, or any 

positive or negative whole or broken number,— the positive root 

*J^ which is always positive, always exists, and is also always 
single-meaning. 

And for these actual powers the correctness of the 5 laws of 
(sect 24) may be proved over again, while (Nos. 3 and 5 of sect 27) 
also hold when the powers are actuaL 

Sbchqn 29. 

If we conceive a positive whole or broken number 6, wMdi 
is greater than 1, potentiated successively by all contiguous 
actual numbers (&om — oo to 0, and then from to + oo ), we 
shall obtain all contiguous positive numbers, viz. since b^=i I, in 
the iSrst division all from tne least,' contiguous to zero, up ta I, 
and in the second division all fi*om I to + oo . 

Conversely : if a is any number of the latter series of num« 
bers^ L e. any positive number < 1, % 1, or > 1, there will always 
be a negative number, or zero, or & positive number, and never 
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more than one (which will be most frequently irrational,) sucfa^ 
jthat if the positive number b, which is supposed to be > 1, is 
potentiated by it, the result is the number a. 

Let us now understand by an actual logarithm^ a symbol of 

the form log a, in which a is any positive number, while b is 
any positive number > 1, and which denotes such, a positive or 
negative number or zero, that when the **base" b is potentiated by 
it, the result will be the " logarithmand" a, — the actual logarithm 
therefore will always have a value and never more than one, and 
that value is negative, zero, or positive, according as the loga- 
rithmand is < 1, = 1, or > ]. 

It is self-evident that the base h of the actual logarithm might also be <!, 

jpfTovided it were positive. But if 6<1, then log a is exactly conversely positive, 
or zero, or negative, according aa a<l, a=l, or a>l. On the other hand the 
basis h may never be taken =1. 

Section 30. 

For these actual logarithms the following formula? may be 
easily proved: 

(1) log(a6)=loga + log6; (2) log^J^ = loga-log6; 

c 

(3) log (a*) = J . \oga ; (4) log QJa) = ^ ; 

« 

^ ' ' ^ loip a 

(5) log a. log &=log a, and therefore also log a = ■ f - , 

log 6^ 
where a, b, c, are also considered as positive. 

Now although powers, roots and logarithms form an opposition 
in triplo*, and it is the problem of mathematical analysis to con- 
ceive and exhibit this opposition in its greatest generality, yet 
the establishment of the power a* and the root ;ya in the par- 
ticular case that a is negative, at once occasions tne examination 
of so many questions, that it will be as well to pause awhile^ 
and before continuing these investigations, to explore the ground 
we have already gained by the 4 first operations. 

Section 31. 

The first application of the general truths as yet discovered, 
i& the ^ establi&ment of calcuXation with cyphers," Now all 
whole and determinate numbers are expressed as sums^ of several 
units, several tens, several hundreds, several thousands, several 
tens of thousands, hundreds of thousands, millions, &c. &c. 
which last we consider as known numbers, because they are 



* The sole reason why addition and multvplication only admit each of one 
indirect operation, viz. sxihtraciion and division respectively, while ^potentiation 
admits of two, radication and logarithmationt is thata+& is interchangeaU>le with 
d+cty and ah with 6 a, but not a* with 6*. 
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consecutiTe powers of tern, while we look upon the first ten 
numbers as known because we retain them in our mem<vy in 
the order in which they occur, so that e.g. seven is ddined as 
the sum of six and one, while six is in turn defined as the sum 
o£Jive and one, and so on. Of course, in order to express all 
determinate numbers, such sums will also be necessary as have 
not exactly all consecutive whole numbers of ten as fiulors of 
their summands, since a single product, as 7 thousand, is in 
itself a determinate number. 

This sum by which every determinate whole number is ex* 
pressed, must be written Uke any other sum, Le. any other 
symbolized addition. But it is usual to omit the sign (+) of 
addition, and also not to write those factors in the products of 
which the several summands consist, which are powers of ten^ 
and therefore when we write 

79^285, 

we mean by this expression the sum of 7 millions and Q hundreds 
of thousands, and 4 tens of thousands, and 3 thousands, and 2 
hundreds and 8 tens and 3. 

According to this arbitrary method of writing the sums which 
here occur, the summands, which are sometimes missing, must 
have their places supplied, in order that each cypher may remain 
in that place which gives it its proper value. For this purpose 
we can therefore employ the {zero) defined in (sect, 7), since it 
has the property that 0.6 = and a + = a. 

Hence the symbol 10 will denote the sum of 1 ten + 0, i. e. 
exactly ten. Hence too the symbols 100, 1000, 10000, &c will 
denote sums of 3, 4, 5, &c summands, which however are re- 
spectively equal to those powers of ten, which we term hundred, 
thousand, ten thousand, &c. 

Thus zero, which was introduced in (sect. 7) as the repre- 
sentative of a symbolized subtraction, allows of being also em- 
ployed as the representative of a C3rpher in those symbols cht 
forms, which consist of several cyphers written consecutively, 
and which express determinate whole numbers, and may be 
called numerical numbers. 

Since such forms then, as 413, 6029, 700043, 62908047, &c. 
are only representatives of sums, i. e. of symbolized additions^ we 
can '' calculate" with them without trouble, and most conveni* 
ently by applying to them the theorems of algebraical sums. 

Two such determinate numbers, as e.g. 413 and 6029 will 
have been added to, subtracted from, multijHied or divided by one 
another, as soon as we have written down the forms 413 + 6029, 

602Q 
6029-413, 6029x413, or -^ respectively, in precise accord- 
ance with the previous ideas, according to which the thought, 
and the embodying of the thought by writing constitute the 
real operation. But we are usually desirous of transforming 
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tfasse results obtained by real addition* sabtraodon, midtrplacatiaap 

and divimon, tiz. the smn 6029 + 41 3> tbe difference 6029— M^ 

SOSQ 
tbfi product 60£9 x 413, and the quotient ,^- jr into similar aumft 

413 

arranged according to whole powers of ten, i. e. we wish to find 

sums (symbolized additions) arranged acoordSng to whole p ow er s 

of ten, which are '^eqttal" to> the sum 6029+413, tiie difference 

602Q 
6029-413, the product 6029 x 413, an^ the quotient -rr—^; anil 

to effect this transformation, which is by (sect 6) calculation, we 
jmust apply the laws of operation previously imparted, Le^ the 
equations which enunciate those laws ; and thus common calcu- 
lation with cyphers is shewn to be included in the general 
calculation defined in (sect. 6). These last transformations are 
always understood in practical calculation with cyphers, when 
mention is made of '^ addition/* '' subtraction," '^multiplication," 
and '^ division." 

This (practical) division of two whole numbers A and jBT is 
always effected by appHcation of the formula (sect. 17, No* 10)^ 
the first summand z in that formula being replaced by the 
highest cypher of the highest order (of the highest power of 
ten) in order that the second summand afterwards found ma^ 
only contain cyphers of inferior orders. The numbers wiH 
rarely "divide out" (aufgeken), but the final result will usually 
be a sum consisting of a whole number and a proper fraction^ 
which sum is termed a mixed number* 

Section 32. 

^Decimal Jractions^'^ follow immediately upon the denary 
system, and the rules of quotients or sums will hold for tbem 
accordingly as they are caoa^dered as quotients, or as sums of 
produets whose fiictors may also contain negative powers of twn» 

The division of decimal fractions, if it were to be accurately 
completed, would lead to an infinite series, generally termed 
an " irrational decimal fraction," for which in applications to the 
comparison of magnitudes an approximate value may be substi- 
tuted. In such an irrational decimal fraction the sum of n 
decimal |daces continually approaches nearer and nearer to a 
eeetain determinate, not infinitely great limit, even when n itself 
is supposed to be infinitely great ; i. e. such an irrational decimal 
fraction is always what is subsequently termed a convergent 
in&iite series. 

SEx:noN 33. 

To calculation with cyphers also belong 

(1) The potentiation of a given whole or broken pasztinre 
or negative number by a whole number, (involution). 

(2) The radication of a ponitive whiaie or brdsen 
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1^ a wholie wanbeT, exMtljr or appwm inmldy (evolntitfi, or 
extraction oF TootsX 

If we have to mid ^a> wheie a is any positive nmnber, wfite 

ndiere «>1« for a, and &id » so that n^<.a.sr^» and 

(iir + iy*> a . 2^, then we have 

.. dull 

aa two Innits between whidi ^a Mas, and which diiec from one 

iiP«tJiPr by -^j 8Q that this difference may be less than any 

determinate nnmb^ however small^ if ft be taken ndefinitely 
great (and we put for example z = 10). 

(3) PMentatimi of a positive whole or broken nnmber by 
any actual number (by sect. 28). 

(4) Evsduation of actual logarithms, and 

(5) The application of logaridimic tables for the more easy 
completion of all the ealculatioHs whieh here occur. 

Theoretically there is nothii^ here which stands in tilie way 
«f all these practical operations, i. e. all these tramrformatians ; 
csEcepting that wh e rever infinite series occur, tiie eampietion of the 
pr oc ess is rendered impossible by our own finite nature, so that 
we have usually to content cnnrselves with approximate valuer 
which in the appHcatums ^ anafysis^ to the comparison of foagnim 
imdes may be substituted ror the exact values, as will herei^sr 
be shewn, when we come to consider magnitudes. In theory, 
iikat is in an^ysb, we always eoneeive the imfinUe series tiiem« 
selves, i.e. the exact values. 

SEcnoi^ 34^ 

The application of the preceding laws of operation to the trans- 
formaticm of complex expressions, which either contain letters 
merely, or letters and cyphers intermixed, is termed ^'the art 
^ calculating with letters^ It is subject to no further difficulty 
provided we do not take into consideration any but whole, dij" 
jerence^, or actual powers ; any but positive (or as they are also 
called absolute) roots, or any but actual logarithms, and do 
not admit any divisor which is zero, or any logarithmic base 
which =1. 



FOURTH CHAPTER. 

SficnoN 35. 

We have seen up to this point, that 

(1) All our investigations only concern equations, and ex*<- 
piessions, whidi ave mere symbolized openitioDa» and thexefinre 
fonns. 
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(2) Any equation expresses simply the relation of the four 
first operations to one another^ and this also holds of those 
equations even which contain powers^ roots, and logarithms, 
because the latter 3 forms are as yet so specially conceived that 
we always may and must treat them as if they were the products, 
quotients, and 'positive or actual numbers which they represent; 
or, in other words, because powers, roots, and logarithms have 
been hitherto so specially conceived, that they have not yet 
appeared as forms per se. 

(3) Any such equation, precisely because it only enunciates 
the relation of the operations to one another, holds perfectly 
independently of what the several letters in it may represent 
in particular, i. e. it holds for every value of every letter,. 

(4) But we may imagine equations which will not become 
correct (real) equations until perfectly determinate expressions 
have been substituted for some letters which occur in it, as 
X, y, z, &c. ; and which therefore do not become correct (real) 
equations, until these determinate, frequently still unknown ex- 
pressions, are considered as being represented by x, y, z, &c. 
Such equations are then called determining equations, because 
they are usually employed for the purpose of determining the 
unknown expressions wnich must be substituted for x,y, z, &c. 
in order to obtain the (real) correct, or, as it is usuallv termed, 
identical equation, i. e. in order to obtain the only equation which 
exists, and which enunciates the relation of the laws of operation 
to one another. The letters or, y, z, &c. which represent these 
determinate values, are then usually called the *' unknown ex- 
pressions." The process which must be applied, in order to 
obtain from a determining equation the determinate values of 
the unknown expression, is termed the solution of the determining 
equation with respect to this unknown expression. Determining 
equations are divided into algebraical and transcendental, the 
algebraical being those in which the unknown expression, con- 
ceived as being perfectly general, only occurs in the general 
combinations which have been hitherto considered. And that 
part of the mathematical analysis, which treats of determining 
equations and their solutions, is called algebra, and may also 
be subdivided into lower and higher (first and second parts of) 
algebra. 

Section 36. 

Now follows, without further difficulty, the solution of alge- 
braical (determining) equations of the Jirst degree with one or 
several unknown expressions, and in the latter - case the ex- 
hibition of the several methods of elimination. Only from ax^hy 

we may not conclude that « = - when a = 0, because (by sect. 

16) we may never divide by zero. On the contrary when a = Q, 
the equation ax^h becomes 0,x^b that is = 6, no longer 
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edntaim the unknown expression x, and is either correct, or 
contains a contradiction^ which announces the incorrectness of 
die hypothesis which has led to this equation. (Compare sect 
*6;*Note.) 
''We may not^ namely, say that ar=Qo when in ax = 6, a 

l^^comes zero. But if h and a are positive numbers^ then x = - 

will be the greater the smaller a becomes, and x will become 
infinitely great whenever a is infinitely small, provided that the 
letter b retains the determinate value which it at first possessed. 

SEcn6N 37. 

' If we now proceed to the quadratic (determining) equation 
a:r' + 6j:+c = 0, we see at once that the pure quadratic equation 
^ = ^, gives the solution x = Jq and therefore allows of no general 
solution^ until we have introduced Jq for a general expression g. 

But if we introduce the square root ijq for any general q 
by defining it as a symbol (as a form) endowed with the property 
that {Jqf may be interchanged with a itself, it follows im- 
mediately from 3i^ = {Jqy that (x- J(f),{x +Jq)-0, that is 
xi^ + Jq and x^ — Jq; that is, there are two unequal and more 
cbmjplex forms + Jq (that is + Jq) and - Jq (that is - Jq) 
-f^hich equally possess this same property, and there are no 
ittdtie than 'these. Hence the general square root Jq represents 
in '^fenieral either of two unequal forms, viz. -^-ijq and — Jq^ 
ttiiless in particular cases a determinate one of them only be 
re|>rideAtea. 

•'* The conclusions from this are extremely important, viz. 

' (A) The general square root Jq has, when q is positive, 
t?l*lt> values +a and —a (where a is the value of the absolute 
TObt Jq), one of which is positive and the other negative. 

' (p) When q is not positive and not zero, the general square 
i^t ^q remains a root per se, for which no previous (actual) 
f6rm can be substituted. Every expression which without beinff 
l^neral is not actual (i. e. not positive, negative, or zero) is called 
imaginary. Hence the general square root is in every particular 
caise either an actual expression, or, if an expression per se, 
imaginary. 

(C) For the general square roots (and therefore for the 
imaginary as well as for the actual) the laws of roots in (sect. 
27)> viz. the formulae 

(1.) (»• = «; (II.) J{a') = a; 

(1) J^^Ja.Jb; (2) yf=^; 

still hold, viz. (I. I and 2) perfectly unconditionally, because in 
I.) both sides of the equation are single-meaning, while in 
1 and 2) both sides of the equation are exactly douhle-m.esxang^ 



\ 
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so tBat one side is as complete as iSie other; ivliile (IL) oni^ 
liDoldis unconditioiiaUy when written tJius 

(11.) V(«') = *«. 
because then the same forms stand on the right as are represented 
by the expression on the left. 

JD) If J a is general (L e. either actual or imaginary,.). ^ 
a is actual or Ja imaginary, we may 

not put (jP''=q)J^ ^<3r p ,Ja^ q^Ja^ 

nor {J^y <« ^ fo' fj^'tj^ 
nor from Ja^a^ and Ja = Py conclude that o = ^, unless we 
have previously convinced ourselves liiat Ja whenever it occurs 
in one and the same expression, will also always represent one 
and the same of its two values. In other words: ffince this 
farm is ^fond/e^meanihg, do not treat it when it occurs seTevai 
times^ as if it were ^tng/e-meaning, but always remember tiiat 
altidough to outward appearance one and die same form^ it mi^ 
nevertibieless represeiU in each ease a different one of its two 
values*. 

(E) If q is negative and = — p, then s/q=fj—p = Jv ^ >/--I^ 
while Jp is actual; so diat every imaginary root of Uie form 

tJ-'P may be always reduced to the simpler imaginary root /^/— I. 

(F) For calculating with imaginary (square) roots, mere 
are of course no other laws or formulae but those which were 
given for general (square) roots, namely those summed up m 
(C), which however must be applied with the proper pre- 
cautionary rules in (D). Namely, we shall have 

^P^.^/=^ = (^/=T)- = «l, 
only when we have been able so to arrange the calculations 

before hand that we are perfectly sure, that J— 1, wherever it 
occurs, only represents one and the same of tiie two foEms 
+J=r[ and -7=1, ^hich have in common with it its own 
essential property (viz* that when potentiated by ^ die result 
is - 1). 

Iti general therefore we must write, agreeably to the formnke 

(C) 7.V^^2V=a = (7=F2)./=l, 

and ,y-l.,/^=,y+l=:fel. 

Sectiox 38. 
The general solution of the general quadratic equation 



* The neglect of tlus simple rule is, as the history of mathematical analyaia 
teaches us, a fruitful source of contradictions, or so-called "paradoxes of ealr 
eulation.*' 
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now gires us without furdurr difficulty 

2a 2'a 

It givea for the unknowni expressioa x, two and lur more than 
info (unequal) values (i.e. forms which when substituted £ar x 
make the equation ax'+da7 + c = correct (identical)^ viz. = 0)» 

If we now consider this general solution in the particulae 
case when a, b, c are no longer mere supporters of the op^atioitt^ 
but are already considered as actual numbers (L e. as expressions 
in. cyphers of determinate foom) then the two values of x aie 
both actual or both imaginary, according as 6' — 4aG ift positive 
or negative, fiot in this last ease we may write 

2a 2a '^ ^ 

and we consequently perceive t hat in this case both values of x 
may be reduced to the form p + qJ—\ where p and q are actual. 

Sbgtion 39; 

From this time forth then the possible particular forms of 
calculation are not merely real; but also imaginary^ the latter 

being of the form p-hq >/--T ; and in this form we can also 
include all actual expressions, because we may conceive ^.= (L 

We term theyorm p + qj-- 1 therefore a g^itera/ numerical number. 
We shall always denote by i one and the same of the forms 
represented by J—1, so that — i will then represent the other* 
If then p-^q.i=^r-¥sA upon the hypothesis that p, q^ r, s are 
all four actual, we shall have severally 

p = r and q = s*. 
Hereupon we find that 
(1) {a-^/3.i)^(yhd.i)=^(cL^y) + (j3^l).i; 
(S) (a + /3.t)(7 + a.0='(«7-/3S) + (aS+/37).i; 

where in (No; 4) the two exterior roots are con»dered as single 
aneaning and absolute^ and both, the (+) or both the (-) signs 
Brast be taken- when ^ is positive, while the- opposite signs must 
be* prefixed to t^e same two roots, that is (+) to one and (— ) to 
the other, when /? is negative. 

* Since i would otherwise (s^l^lH or be) actual. We sometimes find in 

analytical writings the equations JC=A', and F=F' deduced from X-^YA^^X'-^Y'^ 
while X, X', Y'f Y* are still general. This is however always incorrect, and we 
must not be surprised if such a method of proceeding lead to contradictions. 
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It follows from this that all combinations of such actual or 
imaginary forms will always lead to the same forms. Even }f we 
suppose the coefficients a, h, c in the general quadratic equatioii 

to be of the form p + q,i, it will immediately follow from the 
above results (Nos. I — 4) that the two values which wfula 
result from this quadratic equation for the unknown expression x, 
can and must assume the same form^ i. e. are general numerical 
numbers. 

As long^ therefore^ as we calculate with the means hitherto 
exhibited we can arrive at no other new particular forms p^^ se, 
but all expressions which owe their existence to whole ^eal 
numbers^ i. e. all expressions in cyphers may always be reduced 

to the form p + q J— I or p+q.i, where p and q are actual^ so 
that they may also be equal to zero. 

Section 40. ' ' 

' 

We can now proceed to the higher algebraical equation^ 
We first prove in one of the well known methods— , * 

(1) That every higher equation of the n* degree with gen^r, 
ral numerical coefiicients (i. e. of the form p + 9 . t) . giv^i| one 
value for the unknown expression or of the same form P + Q. L , 

(2) That it gives for the unknown expression x^ n ja^ch 
values^ neither more nor less^ which may however in particu^ 
cases be all or some equal to one another. ' . *^ ) ^1 

(3) That every whole function of x of the n^ ^egroe^ risf'^ 

ar + AaT-^ + Bx^^Car^-^- ..,-[^Px^Q, ^ .]) 

with general numerical coefiicients^ (i. e. of the form a4-j3 .i) 
may be always split into a product of n factors (and this in only 
one manner) of the form 

(x-a){x-^b){x-c)(x-d)...{x-p)(x-q% '/^'J^ 

where a, b, c, d ... p, q are also general numerical e^prea^i^U))^ 
(i. e. of the form a + /3 . i), namely, those values which wnenjjuD- 
stituted for x make the whole function = 0. 

(4) If the coefiicients A, B, C, ... P, Q, are all actual, then 
those among the n factors which are imaginary maybe arraibgtd 
in pairs, so that each such pair may give the product ' -^ ""' 

[|a?-(p + qf.t)].Qjr-(p-g;.f)], that is a?^-2pa? + (p*+'(0.* ' 

The above whole function of x of the n^ degree has there- 
fore none but actual simple factors, or at any rate actual 
simple and double factors (i. e. factors of the form a^ + r^x'-h « 
witn actual coefiicients). 

The doctrine of the higher equations may now be continued 
at pleasure, without encountering any particular difficulties ; we 
may now, namely, easily discover the characteristics by which 
we can ascertain whether sqme equal values exist for the imknown 
expressions, or whether all the values are unequaL 
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Section 41. 

We are now able to introduce the general m* root. By ^a 
we mean a symbol^ i. e. Viform, endowed with the property that 
(JJtCp may be interchanged with a itself, while a is conceived as 
perfectly general, and m is a positive whole number. 

If we now endeavour to determine how many different, un« 
equal, forms exist, represented by. x, which have the property 
denoted by j^a, we find that we must have 

oT — a or «■•— a = 0. 

But since this is a higher equation of the m^ degree it gives 
HI different values, neither more nor less, for x. Therefore ^a 
is m meaning, and we find all these m different forms, by writing 
^a . ^\ for ija, in which product we consider the first factor ^a 
as merely single meaning, while jjVl represents the m values 
a, a", o', ... o"^*, a* or 1, where a nas to be still determined*. 

Hence it follows, that: 

(A) From ^ = JB* we cannot conclude that A = B, but that 
A.^i = B.^ly or at most that A = B , ^l, i. e. that we can ob- 
tain A by multiplying B by one of the values of j^ 1, which has 
to be further determined. 

(B) AU values of j^l have necessarily the form p -^ q >h 
which form we have termed the general numerical number. 

(C) If a is actual or imaginary but of the form p + q.i, all 
the tn values of T/a are actual or imaginary but of the same form 
P + Q.t. 

(D) For these general roots the following laws hold : 

(I-) (-y«r=«; (11.) V(0=«-yi; 

(1) :/(ab) = ^fl . ;:/b; (2) ;y(a : b) = i^a : J'6; 

(3) ;y(;/«) =";:/«; 

in such a manner, namely, that exactly as many and exactly the 
same values stand on both sides of these equations, as by (sect. 3) 
was required of a correct equationf. 
In the same sense the equation 

(4) ;/(«") = (;/«)". 

where n is considered as a positive or negative whole number 
or zero, is not correct, because the expression on the left has m 
values, while that on the left may have less j:, and will only have 
as many values when m and n have no common divisor. The 



• That if a is a value of ^1, then o", a" oT, where r is any whole number, 

must be also (the same ox different) values of ^l, follows from the fact that 

(tf')*=(o*)' = l''=l. 

t In (No. I.) there is only one value right and left. In (Nos. II. 1, 2.) there 
are exactly m values right and left, while in (No. 3) there are exactly mn values 
right and left. 

X Thus for example i^{a^) has the 4 values V«* •^yJ^,+^'-^» -V-a, while 
(iJaY has only the two values y/a and — y/a. 
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unskilful application of this equation (No. 4.) therefore is to be 
looked upon as one of the sources of the paradoxes ofadculatum. 
(E) We may 

not put (p 4- 9) l^a fat p. ^a -^q^'Uja^ 

nor (S/ay &Bt :ja.:^ 

nor from */a ^ a and ^a ^ p conchide that a s= /3, imlefla we 
have previously ascertained that the same eymbol "^a wbuiewA 
it occurs in the same expression always represents one and iSk 
same of its m values^ — a certainty wMch^ tit perfectly general ta- 
t^siisations, we are, owing to the nature of the Bul)jecty usually 
unaUe to obtain. In the same way we may not substitute a for 
V (O' because the latter root denotes one of m different values 
which has no need to be a exactly, but which is ^certain^ con- 
tained in a. ^1. 

Generally, therefore, treat such a general m^ root as what it 
is, viz. a symbol which represents, wherever it cKSCura^ one of m 
different forms, or all the m forms together, bat leaves indeter- 
minate which one is intended,-- and you will never fall into co>- 
tradicdons, whereas the many^meaningness (amb%uity) of roots is 
otherwise, when not properly regarded, a jruitfrn Mume cf patrO' 
doxes of culculation, 

&C91DN 42. 

The elinunation of an unknown expression from two bigher 
zdgebrucal equations, as also the soltrtion of these equations 01^ 
encounter practical obstacles, but no theoretical obstacles, whicA 
have to be logically overcome. 

Remark 1. So called transcendental determining eqimtions, 

as for example a*=6, <<*^'^ — a*"* ^' =•&, where the unknown ex- 
pression X appears in the exponent, cannot as yet possibly occur, 
because we nave not yet had a power whose exponent is atiH 
iunknown, and may therefore be also imaginary, nor even such 
powers as have their dignand general, and their exponent actual 
or broken. 

Re^nark % The binomial theorem for whole exponents, which 
it is so easy to establish, viz. the proposition 

(..»•- ^ f ■> H. i^ ■>-. » c - -jfr- ^) ■ »■ . ... 

where j? is supposed to be a positive whole number, has odiy 
a: + 1 terms on tne right hand« But the series on the right may 
be conceived as proceeding ad infinitum because the coefficients 
of all the terms after the *p+ 1* receive the factor zero, and are 
therefore themselves equal to aero. Now if we consider this 
series as really continued in inf. and at the same time the co- 
efficient 

\ a tnmsfonned into --« + -«■, 

1.2 . 2 g ' 
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and the coiSdent 

and the coefficient 

1.2.3.4 4 24 4 24 ' 

and in tlie same manner a]] foUowii^ coefficients arranged ac« 
cording to powers of x, we may arrange the terms on the right 
accOT^g to powers of x, and we obtain 

(1 + 6y = 1 + (6 - 1 6' + i 6« - J 6* + . . . in inf.) . x 



+ ^»'-|»"+|j A*--. .»»£).«• 



+ in uif. 

so that (1 + by is now transformed into an infinite series pro- 
ceeding according to powers of x, whose coefficients are also 
infinite series proceeding according to powers of 6. This equa- 
tion holds for any positive number x ; but because this series on 
the right can be conceived for a general x; it clearly furnishes a 
means of introducing a general power a* or (1 + by (for anv x), 
provided we have previous^ established the " theory of innnite 
series'' in snch a manner as to be able to use it as Ibe foondalaon 
ef rigorous investigations. 

^us we see ourscllvesj in endeavouring to conceive generadly 
the opposition in triplo between the tliree last operations (pcifeeii- 
tiadim^ radication^ mid lqgarithmataon% as well as the coimectian 
of tiiese Un*ee last operations with the four first, which are caiDed 
the elementary operations^ again led^ as we had been once *or 
twice before^ to infinite series^ and we are consequently unable to 
defer a consideration of them any longer. 



MATHEMATICAL ANALYSIS IN ITS RELATION 

TO A LOGICAL SYSTEM, 



PAET IL 

THE RELATION OF THE THREE LAST OPERATIONS TO 
ONE ANOTHER AND TO THE FOUR FIRST. 



ANALYSIS FINITORUM. 



FIFTH CHAPTER 
S£cnoN 43. 
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I .1' » 
■ •»! 



In the tvhole function of a of the n**' degree^ that is In the fjptp^ 

we .may consider the positive whole number n as grtet "89 'iwvf 
pleaae; we may therefore consider it as infunidjf grea^ fi>«M 
always greater than any determinate number howeJV«r MAatKf 
hence the existence of " infinite series proceeding aeoording w 
whole powers of x" is necessarily given. But this infinitt seitwi 
cannot be considered as existing^ until the law according to which 
ihe coefficients are formed^ has been determinately enunciated 
in infinitum. ' ' 

Now since the infinite series proceeding according to whoj^^ 
powers of x is given simultaneously with the whole function, of «> 
of an indeterminate degree, we not only may but -we must "^^-Ci^ 
culate" with these forms, whose terms proceed in inf. (according^tiS' 
a determinate law of progression), precisely according to thdr^Wei 
laws as hold for whole functions of x of an indeterminate d^j^ee. 

Now as a whole function of x ceases to be such, and ciQf;\^r{! 
quently all the laws existing for it as such cease to be applicable^ 
whenever a determinate value in C3rphers is substituted for Jd^'^'^ 
in the same way the infinite series ceases to admit o£ treatmetYt* 
according to the laws of whole functions of x, whenever anjr. 
determinate value in cyphers is given to the letter of pro* 
gression x. 

Consequently if we wish to '^ calculate" with infinite series 
proceeding according to whole powers of x, according to the 
same rules as hold for whole functions of x, with perfect certainty 
of success^ we must make as the first condition that the letter of 
progression x remain perfectly general, and that no determinate 
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value in cyphers whatever be conceived as represented by it; 
ihat it should be a mere supporter of the operations*. 

And for this reason when we hereafter speak of a general 
infinite series, we shall not always add the words |' proceeding 
according to whole powers of or or z or ^, &c*" since it must 
necessarily "proceed according to whole powers," and the letter 
of progression does not always need to be mentioned when it 
cannot otherwise be mistaken. 

Section 44. 

From this we deduce the following truths, which hold for 
such general series proceeding according to whole powers of any 
letter of progression : 

(1) Since a whole function of x of the n^ degree must have 
all its coefficients equal to zero, if it is to be equal to zero for all 
'values of x, that is, while x remains perfectly general t, — ^in the 
same way a series proceeding according to whole powers of x 
niust have nothing but zeros as its coefficients, if it is to be always 
equal to zero while x is quite general. 

(2) Since two whole functions of x of the n*^ degree, if they 
are to be equal to one another for all values of x, that is, while 
^ remains perfectly general, must have all the coefficients of like 
powers of x respectively equal to one another, — similarly, this 
must be also necessairily the case, when two infinite series pro- 
ceeding according to whole powers of x are to be equal, while 
their letter of progression remains perfectly indeterminate^ or 
rather general (a mere supporter of the operations)]:. 



* It mast here not be overlooked that the whole of analysis, i.e. the so called 
calculating part of mathematics^ has nothing to do with magnitudes, and that we 
can and may never " calculate with magnitudes (sect. 6), but only with forms 
^with symbolized operations), and that consequently all "calculation" with in- 
-nnite series must necessarily cease, directly the form ceases with which calculation 
may and can be carried on. 

On the other hand, after having introduced the general power, as is done 
below, we may multiply such a series proceeding according to whole powers of i 

by X '^ ; so that we obtain a series which begins with negative powers of x, and 

proceeds according to broken powers of x. Similarly, we may substitute, for 

1 
example, -, or t-^ for x, so that the series proceeds according to ascending whole 

powers of «-*, and therefore may be made by the slightest transformation {of («-*)»' 
into x~v} to proceed according to negative powers of z. But all this can also be 
done to whole functions of x of the n^ degree without in any respect altering their 
character. 

1 For if every coefficient were not zero, we should have an algebraical equation 
of the n* or a lower degree, which would give at most n or fewer values of j, and 
therefore would not hold for alt values of t. 

t Different proofs have been given of these two propositions, but all of them 
have been justly attacked. If from 

(1) <io + fliJ+flga'+fl8i* + ... in inf.=0 

we concluded that ao = 0, because the equation would not otherwise hold for x=sO, 

3 
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i l^ej^r^icd^ suhtraction, and mnliip2icnthn oT'two 

^U^h inlf^itei series R and S^ proceeding accoMing tt> ^tHkfe 

Sowers of x, that is, the transformation of the suftt H V B^ tfti 
ifference R - S, and the product R • S into sixn^iar infinite 
series, presents, according to what has preceded, n<5 difficulfy 
at all. 

But if the quotient « , or R . ^ , or ^ has to be transformed 

intd a similar infinite series, then tilie coefficients A09 An^Ji^^ 
Ag, &C. &c. of an infinite series A« + A|.jr + AfOr*^ A««;r^!-fr ,.. 
have to be sought, such that the latter when multiplied by S 
gives R or 1 ; now the multiplication and comparison of the 
product with the series R or 1, goes on in injinitum^ akid we 
obtain new equations in infinitum between the coefficients, so that 
JTQm ^ach consecutive equation a consecutive coefficient is ccm- 
tinuafiy found from among the coefficients A^, Aj, A9, Ag, &C. 
Nrhiok were ill at first unknown^ and this ts ityinUum, Tb^ 
'Mwl injiniie series Ao + Ai« + A«a:'+ Aa^'+... h»a tber^fpr^.^lv 
li^/iuitmm the property, that when multiplied by S,.ihe t^mt 
isiiaMdeiw series which coincides in infinitum wlw th^ s€U^fe$^,B 

or with 1. Now since the quotient 3- Or the quotient s '&'!>? 

(sect. 18) a mere ,/arm, which represents the piiop«iK(}» fya^i 
therefore «ver^ expression which possesses this property) tlvat 

&> ^h^n* multiplied by S gives R, — or that g multiplied: b]r.<iS 

:giVi6»^ 1>' and since the infinite series A(^ + A}^+Aia:?+..!..i jfis^ 
-^Myndiiposs^ses this pr<^erty, it follows by (sect. S) ibfA itiU 

^^ e^^ii^^' to the quotient g 01^ o^ ^^ ^^"^J ^ every' '^tim 

«ifastteted in ^^ calculation" for the quotient -§ ^^r g <u?<^fifi- 

dlitioiiatly, without our having to fear that we shall dia'^y 
come into contradiction with the laws of operati<m*. ' 



\\.' 



whereas it ought to hold for 4dl values of x, such a conclusion might be permitted. 
But then we have also 

i.e. (2) x(ai4-ajX' + fla** + ««')=0> 
and tUlher araeO, or 

(3) ai+aaX+tfai*+...=0; 

that is, this last equation is only necessarily correct when x is not zero, since for 
ff«0 ^e equation (2) is already satisfied, without requiring the second factor 
«i4*atx4-(i8tt^'+**.* ^ *^ zero* That therefore ai^O necessarUyldoea not follow, 
because the equation (3) does not necessarily hold for x »0. 

But if we keep the view given in the four preceding chapters carefully in mind, 
the explanation fumi^ed in the text presents no difficulty whatever. 

• We obtain the same result if we apply the formula (sect. 17, No, 10) 

A . A-B« 
B ^ B 



We may add here^ by ik&y of tiHustration, 
(» v/t(l) The coeffidents Ao, Ai, Agj A,, &c. canpot be jCUter- 
j(f^efi .when, more first coefficienta in the, divisor 1^ ^hri ^R^^ 
^Ptz^o ^aA in the dividend ft*, in other word6, wheii the 

'^^febt # reduces to the f<M-m - ' . vi 

«».(iC. + £?,+j.^'+c.+..4?* + c,4.,. jr»+ ...) ' 

while fn<.n, and 5» and c. are not equal to zero. This IB alsa 
pdtfecAy s^lf-cnrident, because the result of the transfiM'^iatiap 
oanb* almost 1 ,^ ^ r^ a ri ^ . /. . / 

' .. (2) If It has been shewn that the infinite series' "' '^ - 

Ao + Ai.« + As.a?* + A8,aj*+ ... , .^: , 

i^/' equal" to the quotient -^ it follows as a matter of coui^se 'that 

'this i^ no longer the case for any ^nite number iO^te9iQs>i0f 
^is' series, however many we may take of tfaeniv . Heott 
tip we iMily wished to retain a numb^ n of (hn^ inrt teMnt.^ 
uie incite series thus found, we should be obliged to m^B^nM> 
^anplehientartf term, i.e. we must conceive ^p. expression E, 
Ivnich'ls usually unknown, and cannot perhaps be ' exhiUiti'd 
|itfii« 4*^ 'form, to be aidbjoined, so thai n ^; i u r- • 

U'Ali ,/'• Ao-»»Ai.-«+A,.a:* + ... +A^,,-ir*-VB ' » ;-fo'! /iji.j 

^0 be again '^ equal" to the quotient ^> This. O0inplef9<$l»ta^ 

Wrin E ts^akhough not in t^ ahov» case, yet m Qm (jpHowiVg 
dU^ll^MGieiite) usually nothing but a symbol, whad^ ri^ilfm'^ 
Iji^ei sum of ail the following infiniteiy many terms of tJ^e, infinite 
series first found, and therefore itself denotes an infinite sm^.^ 

(S) i Since: the coefficients of the infinite series R and S une 
'iHtmkry, ^^bey may, b^inning Gram a cefCain tenfi, ^te^icbo^ 
t^^i^d*asri»tt equal to sero in infinitum* In this c,ase we hfye 
fntnsfomied a broken rational function of or, as 

1 l—x 



' ' ; i^x' 1-a?' 1+j?*' 

and generally ^Q-^^^^-^^^^; '" ^^-^ 



ii%Mn. and at the same time do Qot forget that A and B must 
whole functions of x. If we were to stop in this division, we 



continually in infinitum, 

here he treated as whoU 

shovdd have a cemplementiry term in addition to the finite number of tonn» (hitherto 

found, in order to obtain a correct equation ; but if we conceive the dlviaion to .be 

really continued in infinitum, no complementary term can ever appear. 

* The general calcuLstion would namely in this case g^ue the forp g, fqr A(h 

which form does not shew that the coefficient is infinitely great, but which form 
almays shews that the general method of calculation does not apply to this par- 
ticulsff case, and that this case must be particularly treated. 

3—2 
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into an .infinite series which may be every where sub«itituted for 
it without having to fear a contradiction on the part of the laws 
of operation. 

Section 46. 

Since when m is a positive whole number, the m^ power 
of a series proceeding according to powers of x, is nothing but 
the product JR . R . R . . . of m factors, there is no difficulty in 
the transformation of R"*, when m is a positive whole number, 
into a similar series. The same is also the case with R*^, since 

R"* = -^ , and the division has been completed in (sect 45). On 

the other hand we cannot at present speak of a broken power 
of an infinite series, since we at present are only acquainted with 
such broken powers as have positive dignands (comp. sect. ^S), 
while such a series as R is here considered as a general form, 
in which we have not to regard the signification of the several 
letters. 

But if we have to extract the w* root of the series R pro- 
ceeding according to whole powers of x, i.e. if we have to 
transform '^R into a similar series, we must find the coefficients 
A^, Ai; As, Aa, &c. of an infinite series 

Aq T -Aj . *F "f" Z*-^ . J? + J^2 * *^ "T* . . . 

SO that when this series is potentiated by the positive whole 
number m, the series R results. Now if we really raise -this 
series 

Aq + Ai • J7 + A^ . •* + • . • 

to the m^ power, and compare the result with the series R, ,vfe 
obtain, since the coefficients of like powers of x must be equal, 
an infinite number of equations between these coefficients ; of 
which each one in succession in injinitum will determine a con- 
«ecu^ve'one of the coefficients Aq, Ai, A„ Ag, &c. &c. which 
<were at first unknown. Therefore there exists an infinite series, 
Ai>*+ A, ar + Aa^^H- .. . which when potentiated by m, gives a 
new infinite series, whose terms coincide in infinitum with those 
of the series R. Now since I^R represents each of m expressions, 
which have the property of, when potentiated by »i, giving 
the radicand R, (by sect. 41), and since the infinite series 
Ao + A, a: + A^a^ + Aa o?^ + ... just determined has this property, 
we have the generally correct equation (sect. S) 

^R«a;;j/l .(Ao + Ai. j? + Aa.a;' + Ag .a?'+ ...), 

in case the coefficients A©, Ai, A,, &c. &c. have been so chosen 
as to be only single-meaning for the more convenient discovery 
of the corresponding values. 

We find, however, in actually performing the process, this 
exception : the coefficients A^, A,, A^, &c. can not be determined 
when a certain number, which is not exactly «i, or 2wi, or gene- 
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rally vm, of the first coefficients of R are su'ccessively «= 0*. But 
this is self-evident in a direct method^ because the series' R can 
then be reduced to the form 

0?*. (6o + ^l«+^8*'+ft8^+ •••) 

and on m^ root in the required form is only possible when 
n^i/tn, V being a positive whole number. 

The infinite series R proceeding according to whole powers 
of or, -whose m^ root has been transformed into a similar infinite 
series^ may also have all its coefficients after a certain term^ 
equal to zero^ so that it becomes nothing more than a whoU 
function of ^ of the n^ degree. According to what has preceded 
then^ the.m^^ root of a whole function of x, may^ with the above 
mentioned exception, be always transformed into a series prc^ 
ceeding according to whole powers of x» 

We can now transform an irrational broken function . inta 

an in&iite series proceeding according to whole powers- of ar> 

and that in all cases, while the coefficients are still perfeotiy 

generally although the transformation will admit of exception for 

particular values of the coefficients, i, e. when certain coefiioie«it» 

are equal to 2ero. Namely, when R and S are whole functions 

R . / ' 

of a:, and therefore -^ a broken rational function of x/ we have 

;y(B : S) = l/R: ;yS, where the dividend and divisor on the right, 
aflfid- fherfefore also the quotient itself can be transfortnidlTnto 
a '^IniSlar' series, at least as long as the coefficitttits feri'^UiW 
general and none of them has as yet received the value '2!tt<f. 
The same holds for other compound expressions^ e. g. for 
y>R ;i^/8i' A«. &c. ' 1 « Hij of 

» 1 , Section 47. 

iii'We-can consequently always transform anff exprdssioni anlj^ 
i;Hsd /^compounded of whole functions of x, or? infinite / sisriea 
paroceedtng according to whole powers of Xy asf £ar-aa iveityet 
knew of the existence of any such expression (that is, provided 

no general power v* and no general logarithm log^y" bcqiirs^ 
whose signification in calculation we have not yet been able to 
establish in these pages,) as long as the coefficients of the giveii 
infinite series or whole functions of x, are still perfectly g^tier^ 
and have not yet received any particular value in cyphers, — we. can 
always transform such an expression into a series proceeding 
according to whole powers of x, which is " eqjiial" tq it in the 



* For the expressions for Aq, or Ai , or A^, &c. take the form ^, which 

form always shews that the particular case which leads to it is not contained in 
the general calculation, and that consequently the calculation must be conducted 
in a particular manner for this particular case. Mo one can in such a case 

seriotudy believte that the coeflScient ^ is tttflnitely great. 
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80fi^,jpr^9efi. pji ue. which ma^ be unco0aiti6tiall!]r^tip^inkl!Ml 
fyf^Atfl^^aO, ffqMfculations*'(s€C5t 6\ without out hsvfti^ U^ltitt 
qc(i^t]^^6\^tions on the part of the laws of opei'ation* " -'^'''^^ 
' 1,5"^^;^ ^e therefore finite expressions which can h^^ii-Hk^ 
Jbrmed, oi*, to employ the usual phrase^ developed intd g^fei-^ 
}|:ffi];if^(i, series. From this it follows conversely that Aet^^'tHB 
i^,,P9m^ general infinite series which are ^^equ^" (seiit. '3) to 
a .finite expression^ i. e. for which a finite expression tsm be 
substituted in all '^ calculations" without our having to fear ktrj 
Contradictions on the part of the laws of operation. 

tthis .finite expression which can be substituted for such i4 
general series^ is commonly called the sum of the infinite seWes; 
and to find it^ is usually termed ^Uo sunt the series.** Soch a 
su7n, only exists in very rare cases^ but we often traAsforn^ an 
infinite series into an expression compounded out 6f otker 
infinite series^ and we say that the first series is summed, when 
ine Iktter series admit of more convenient treatment, aaid hsLYe 
been represented by simple symbols (as a', e^, sin x, cob x, &^c«) . 

We can consequently only speaJc of the summation of an 
ii\finite series, when it is still conceived as perfectly general, k e. 
'^hen it proceeds according to the powers of any expre3ai<>i^ f 
^hicfh is still general, i. e. whidi is still a mere fltippovteir ^f ibp 
symbols of operation, and by which we do not as yet suppose 
A^y determinate value in cyphers to be represented *» 

SficrrroN 48. 

' ' IF in an infinite series proceeding according to whole powers 
of ':r, a determinate value in cyphers be given to x, we obtam 
an expression consisting of an infinite number of terms (in whicn 
Ihe terms are still considered as perfiectly general, or have already 
received certain values in cyphers), which has no longer the 
fbtm of whole functions of j?, and with which we are therefore 
i'o longer able to " calculate" according to the laws of the whole 
functions of X, but which has still uie form of an algebraical 
sum of an infinite number of terms (whose terms must. ^Iso 
f61f6w in infifiilum a determinately enunciated law, sinpe it 
•cannot otherwise be considered as given in in/initum,) so that 
we can still apply the laws of algebraical sums for the pur)K>8e 
ai calculating with them. 

But if such series have to be multiplied or divided by one 
another, we have usually no law for arranging the terms of 
the result, i. e. we have no determinately prescribed Jbrtk to 
which the result is to be reduced ; and it is consequently a very 
precarious affair to " calculate" with them (according to sect. 6) ; 
and if a calculation with them succeeds^ i. e. leads to a desired 



• We shall soon prove the existence of numerical infSnite series, and then shew 
that although they have no turn as has been defined ia the teM, yet thoy have a 
value, and that though we cannot sum, we can evaluate them. 
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^^c^^QD, Ui has lisually to be aacribed aoldy to the drciun- 
«t^Qe. that tb^ calculation has been conducted as !f the teVet^ 
terms of the aeries had been still multiplied by the sd^cessh^ 
pQW^s. of an expression x, which does not else appear in th^ 
ter^vi theuiselvesj that is^ as if they were series which ptoce^ed 
according to whole powers of j?*. 

. If on the other hand we consider all the terms in such an 
4ofiaite series which no longer proceeds according to whc^ 

rowers of any expression x, as determinate values in cj^hera, 
e. as perfectly determinate actual or imaginary numbers of 
thi$i£brm p 4- g J^ 1, these infinite series may be called nume^ 
riaalaetxe9 in contradistinction to the general series, and in these 
nimerical series we must carefully distinguish two cases. 

'{a) If the result obtained by adding together n consecutive 
Mms of the ^ series^ receives a perfectly determinate actual or 

imaginary (limiting) value p+qtj^f for «=oo (i.e. when n 
is infinitely greats i. e. in case a positive whole number^ greater 
than any determinate number however great, is substituted for ») ; 
in this case the (numerical) series is termed convergent (and we 
say it converge s) an d the above mentioned actual or imaginary 
number p-hqj— 1, which has resulted from putting n =: qq in the 
result of the addition of the n first consecutive terms of the series^ 
19 then called the vaiue of the convergent (numerical) series j); 

(h) If the addition of n terms of the series gives an ex- 
pression of the form P, + Q»*/— 1, in which however one or each 
of the functions P. or Q« becomes, for n = co, itself infinitely 
great (i. e. positive or negative, but absolutely greater than; any 
determinate whole or broken number however great) ; such a 
(numerical) series is called divergent (and we say it diverges). 

As long, therefore, as an infinite series is still conceived a^ 
general^ we cannot speak about its divergence or convtergencq, 
precisely because, according to what has gone before, these 
latter ideas can only make their appearance in conjunction with 
numerical series (that is, when the general series are expressly 
considered as numerical). 

From these ideas the following most important conclusions 
may now be drawn: 

* And herein -we see the explanation of the circumstance that ''calc^iation" 
'W^ divergent mnnerieal series, as may be often found in the writings of the iiiathe- 
maiiciaiis of the last century, may nevertheless lead to a correct result. 

^ The result of the addition of n such terms has namely the form P.+Q.^X'^^^ 
"where P, and Q» are functions of n which receive actual values for every positive 
^hole n, while Q» may also be ^0, If then P. md Q, receive determinate actual 
▼alues p and q for nszeo, the above case occurs. The numbers p and q may how- 
ever be only given by finding that P» and Q» lie for n — 00 between two limits 
which may be made to approach one another as near as we choose, in other woids, 
p and QTOAj be irrational. 

t What is here called valtie is frequently termed by other writers sum. But we 
hen distinguish accurately between WZu« and sum, and only use the word turn in 
the signification attached to tlus word ia (sect. 47)» 
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(!)•- Thie c<wiV*r|^ent hmvienc^l series has a *'valiid" which 

W'idtAal br ihiaginiiry and of the form p + qj^; this "value" 
dan 'al'^ays be substituted for it in all *' calculations," since it 
is' ""equal" to it. And inasmuch as it always reproduced ihi* 
** vnTu^*" and no other than this value, we can always *' calculate"' 
wWli "tjumerical series which are also convergent. 

Now a convergent series has this value only by virtue 

law according to which its terms proceed in infinitum. 

Hence to prevent any doubt occurring concerning the true vahie 

of a convergent series, we must carefully enunciate the law 

according to which the terms are to be taken in infinitum^ 

For example, from the same reciprocal terms of the natural numbers, viz. 

1 1 1 1 11 ... 

^' ~'2' +3 ' ^4 » +5' ''e' -^r ^''^ ^''^' 

we may compose any number of numerical infinite series, which are all convergent 
bttt haVe all dififerent values, each however having its own perfectly determinale 
vfiiue by virtue of the determinate law according to which it is constructed. 

Jtii'. ,1111111..^ 

llie series i _-+---+- --+^ ^3 + m inf. 

in which, if we take 2n terms, there are always as many positive as negative 
t^ro;)^, has for its value log. nat. 2. 

mrtK« l + |-3 + |+i-i+| + fj-J + i»ln£. 

in which, if we take the first 3 n terms, 2n positive and only n negative of the 
above- terms' follow one another (in their order) has for its value |-^« oat. .2. 

, ,^^ ,111111111..^ 

:?he series l _-_- + -_-_- + --^^_ ^^ + -_xn inf. 

in which, if we take the first 3n terms, we find n of them positive and %n. ncg^* 
tive, has for its value ^ log. nat. 2. 

And if we take /x of the above terms positive and v negative, and then ft 
p9^|iv^ amd V negative, and so on, the value of the resulting .numeEictl con» 

vel^nt series is =3 log. nat. 2 + | log. nat. - , and therefore = log. nat. 2,'wlrieh 
is that of the first series, when fi — v, but greater than that when /u > 1; and lefe 

(3) A divergent series has no value which it can repre^etat J 

a 'divergent (numerical) series is therefore a fonn inadnii^sible 

b 
ift calculation^ exactly as the form - was above shewn to be, and 

must be acknowledged as such. 

Consequently, if a general series becomes a numerical one, in 
any particular case of application, and this numerical series is 
fbund to be divergent, we are instantly incapable of calculating 
with it, and the result, without being incorrect, shews decisively, 
that the general calculation previously employed no longer holds 
when the letters receive these values in cyphers, and that the calcu* 
lation must be recommenced and particularly conducted for this 
particular case **. «.««_ 

* Among divergent series are those in which the same terms recur periodically 
in infinitum f as the series 

l-Hi-i + l-i + 4-J + l-i + it--i-*-J-' itt inf. 



V » (4} From every numefical aeiies R, whelber coarvtergent or 
diy /urgent, agenersd series can be formed, by subjoining tQ th$i 
s^eiral terms the different powers of a general expression x, as 
f^LCtpr^. If the new series be designated by R^ the numerical 
sei;ies R^ will result from putting x = 1 in the general series R^ 

Now suppose the general series R, to have a ^' sum" (in the 
s^pse of (sect. 47) which may be represented by S^ so that we 
have (0) -..R.=S^ 

and that this sum S, receives for x ~ 1 a determinate value in 
cyphers^ which may be represented by Sp then the equation (0) 
becomes for x= 1, 

(J) R.= s.. 

Now if the series R^ is convergent, then its " value" is neces- 
sarily Sp but if the series R^ is divergent, it has no value, and 
that, tvhich has no existence^ cannot of course pretend to be equal 
to the value S^. The equation R^ = S^ ceases to exist, as far as 
calculation is concerned, when the series R^ is divergent, just 
because the divergence of the series always shews by (No. 3), 
that the general calculation here suffers an exception. 

This may be now more generally enunciated. If a general 
series R« has generally the "sum" S^ so that the equation 

(a) R, = S, 

is a correct one (in the sense of sect. 3) ; and if a determinate 
value in cyphers is given to x, so that the series R, becomes a 
numerical series R, while S, receives the value in cyphers S, the 
e({uation 

03) R = S 

is still correct, provided R is convergent, i. e. S is then the 
"value" of the infinite" convergent^ series R; while if the nu- 
merical series R is divergent, the equation (/^) does not enunciate 
anything which is incorrect, but it no longer holds ; it ceases to 
exisit, and can no longer be regarded in calculation \ 

. , And still more generally. If two forms R, and S«, which are 
either both finite or of which one contains infinite series, or both 
contain infinite series, are equal to one another, and if R and S 
represent those forms expressed in cyphers, which result from 
substituting a determinate value in cyphers for x in R« and S^ 
respectively, then the equation R = S is correct, as long as R and 
S have determinate " values" (in cyphers) ; and on the other 
hand not incorrect, but no longer admissible in calculation, when- 



* This is precisely the same case as that of the equation - . a = 6. This equa- 
tion is always correct as long as a is general (that is, a mere supporter of .the 
operations) ; — ^but if the value (zero) is given to a, it does not become incorrect, 

but entirely ceases to exist, because a form Kke — cannot be admitted in calculation. 

It always points out an exception. 

3—5 
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e^^ one or each ef the forms in cyphers R and S> contains a 
(numerical and) divergent infinite series. 

Since these doctrines and rules which result necessarily from 
(he present views^ have been here and there overlooked and 
disregarded by analysts^ we will illustrate the subjects we have 
just been treating, by a few examples. 

Thus, for example, the ^^sum" of the general series 

l-2a: + 4a?*-8ar^+l6:c*-in inf. 
is ^— . Now whenever j?<J this series converges, and its 

value is then found from that of its sum - — -r- for the same 

1 +2ar 

value of x, so that its value for ar = J, for example, is necessarily 

= |. But for every value of jp>i, as e.g. for x=i, this same 

infinite series diverges, that is, has no value at all; and that 

which has no existence cuinot of course be found from, the 

general sum - — — by putting x = l. The equation 

l-2ar + 4d:"-8j?*+l6a:*-ininf.= , \ 

is therefore a perfectly correct equation. Both forms to tlie 

rfg-ht and left of the sign of equality have the one single pro- 

pierty which the quotient on the right represents, viz. that when 

they are multiplied by 1 + 2a: the result is exactly = 1- Either 

general expression may therefore be unconditionally substituted 

lor the other in all '^calculations.*' And in the case that both 

expiressions to the right and left of the sign of equality receive 

values in cyphers, these two values have the same property and 

are therefore still " equal" to one another. But we are of course 

unable to say any thing at all about this latter circumstance^ 

•when one of the two values no longer exists, i. e. when the 

.series diverges. 

1 1 
We may also transform the quotient or into a 

1 *T" J? J» T X 

series proceeding according to whole powers of - . We have 

X 

therefore the following equations which are generally correct; 

( n = 1 - ar + a?* -a:^ + a?* - in inf. 

^ ^ 1 +a: 

,^. 1 1 1 1 1 . . „ 

(2) r =---» + ~a — 4 + in mf. 

^ ^ ir + 1 X x' ar a?* 

(S) \- x-^- x^-x^-v in inf. = « +-« — j + in inf. 

^ ^ X x^ x^ X* 

If we now transpose in this last equation some of the terms to 
the right from the left, or to the left from the right, w-e have the 
additional correct equations : 
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(5) -a^ + «*-aj* + a?'-in inf. = -a:' + a:-l + -3 + -^-jninf. 

If yre now write the left side of the equation (4) thus 

-5(1 -a: + ar*-a:'+ ...) 
and summit by (No. 1) we obtain 

If we write in equation (5) the expression on the right thus, 
and sum it by (No. 2), we obtain 

1 X* 
(7) - rB3 + «*- ar* + a:*- in inf. = - js^ « , 

.and these two last equations are also unconditionally correct (by 
sect. 3). 

But if we now give determinate values in cyphers to jc, then 
the infinifte series are no longer general, but numerieal^ and thp 
equations without becoming incorrect^ either cease to exists or 
become correct equations in cyphers. 

(No. 1) viz. gives on the 1^ the value of the numerical cont- 
vergent series on the left when «< 1 ; when a:> 1 the equation 
(No. 1) ceases to exist, because the series then diverges. The 
first is the case in (No. 2) when ir>l, the second when «?<!. 
The equation (No. 3) although it is entirely and perfectly correct^ 
and although we have deduced from it the perfectly correct equa- 
tions (Nos. 4f, 5, 6, and 7) nevertheless always ceases to exist 
when any value in cyphers is substituted for x, because any value 
of X which would make one side of the equation a convergent 
series, would always make the other a divergent series. The 
same is also true for the equations (Nos. 4 and 5); they do not 
exist for any one value in cyphers of x. But nevertlidess, the 
generally correct equation (No. 6) whidi is deduced from (No. 4), 
does exist again for every value in cyphers of x, which is > 1, 
and ceases to exist when x<l. Similarly for the equation (No. 7) 
which has been deduced from the equation (No. 5) that does 
not exist for any single value in cyphers of x, and which is as 
generally correct as all the others, and which also exists for every 
value in C3rphers of x that is <1, but ceases to exist whenever 
jp>l. 

Let us now take, in tfee second place, an ex^imple in which a 
root occurs. Suppose, for example> we have to extract the m*** 
root of the series 



whl<}b 000<(r8 in analytical trigonometry under the name ofco8%' 
meaning that we have to find a series proceeding acoordilig tc 
w)K^'POM^«irSi'Of Xf whiob is equal to the m^rooC of the- abb ve 
series;, we tben^find in all eases a series R proceeding according 
toete» powers of jir^ no thai: 

where icas g represents the general series 

<jt* T* "*•* 

^ i/U iJC X 

Now this series R will be convergent at most for all values of 
X between —j^*^ and + ^ir^ because for the next (absolutely) greater 
values of a:, the value of cos x is negative, and therefore if m is 

suppofied to be even, every value of ^cosx will be imaginoery, 
wiiUe .th^ series R only contains actual forms. Hence, the series 
R ViJl be certainly divergent for all values of x which are (abso- 
Juieljj) . .> ^ TT, and will therefore have no value, and t hus s hew 
th^l; i|i is no longer adapted to represent the value of Ijoosx for 
these values of x. We shall consequently be unable to " calculate** 
witl;:^ tbis numerical and divergent series (which has resulted for 
ai\,f^f]isqilut^ value of x that is ;> ^v), while the general ealculirtion, 
w^ere we h^ve not yet to regard the value of x, raust,^ acoopding 
to all that has been said before, necessarily give correct resulted 
We have a still more simple example in the transformattonof 

Jlr^x^ into -aa infinite series. We obtain • ' 

If \f,e put x<\ each of the two series on the rights according: asi' 
th|E| (+) or (-) sig n be ta ken, is convergent^ and its value is equi^ - 

to one value of ^1 — a?*. But if a? > 1 then each of the series' on 
thetirigbt' is divergent, and consequently no longer admissible ^in 
calculation; it has now no value, and that which has no existene^' 



can in no -case be equal to the now imaginary value of ^1 — a:'. ' " 

' But generally , where we have not yet regarded any determi- 
nate value of Xy and when x is therefore a mere supporter bf the 
symbols of operation, the infinite series * 

is always equal to the root J I - «*, in so far as the root ,^1 - x^ h 
(by sect.. 4»1) a mere form which only represents the property 
that w^n it is. potentiated by 2, the result is always 1—^; 
and since the series itself, whether we retain the (+) or (— ) before 



tt^mm*^ < t I 111 I » • ' I ^.^»»»^^^— ^—fc. 



• By ii ! we mean tlie fi<roduct 1 .2. 3...n, and more generally the factorial 1"! * 
which tor n=l, and also lor n = 0, is =1. 
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it, has this property , it is (me of the expressions "which is repre- 
sented by the root Jl- a^, and at the same time such an expres- 
sion,ra8> on account of its generality, can still be " caitoctlat^d ^ ' 
tvith^ t« e. as is still admissible in calculation^ 

i And n^MTi in order to give an example of the manner in iwhveh' 
analysts now and then neglect the rules which are here given/ we* 
shall take, as being nearest at hand, that which will be found in ' 
La Croix's Treatise upon the Differentaal and Integral Calculus, 
{Traits du Calcul Differentid et du Calcul hUegraL S £d. 4to. 
Vol. III. p. 621, seqq.) The problem is there to "sum" the 
infinite series 

. . (R) ...i5'^4-aj.(5r-2y + 2a.(sr-4y + S8.(«*-6y + ... 

»■ * ' 
upon the hypothesis that Zj, Z2, z^ &c. represent the consecutive 

binomial coefficients, and that r is any positive whole number. 

Now if the problem had to be solved according to the abovi^ 
rules, "we should have to begin by enquiring whether 2 wer^ to be'! 
considered as perfectly general, as a mere supporter of the sym^ ' 1 
bol^-of operation, whose signification was not to be regarded, or 
whether a were to represent a determinate value in eypUei*^,' ' 
although the same might be still unknown. 

. la the^r*^ -case, we should have to commence again by trans- '' 
foiming.the series into another, which proceeded either a<^coirdJii^^' 
to^:wbole powers of z itself, or at any rate of some expfessibn'^ 
compounded of ar, the coefficients of which series would tkerefpY^^^ 
na loMger contain z itself. 

But we may soon convince ourselves that if we tried to ex^^ - 
hibit such a series, its coefficients, since r is to be a positive 
whole number, would increase "with the number of the terms 
and would finally become infinitely great (the last, if we mav 
so- .speak, would be a diverging infinite series), and that c6n-'' 
sequi^ntly the series R does not exist at all in the above mentioned'^ 
gqift^rAl iorm< .);»•>: 

^xl^>tis^ second case, where we suppose z to have a determinate' '' 
ac^HAl valiie in cyphers, although it may be still perfectly ■ttn^''' 
known, and thus left undetermined, we may as easily convinoe* 
our^^lves' that the given series R, considered as nuraericalyis 
alwjys*, divergent. « 

The series R therefore does not exist if it is considered as 
general in respect to z (r being positive whole) ; and considered 
as a numerical series it is divergent, i. e. it has no value. It is 
therefore pertiectly impossible to " sum" it, whether we take this 
word in tne ;more rigorous signification of (sect. 4<7) or \vhether ' 
we; .understand by it the determination of the '^ value" of a 
numerical (and convergent) series. The problem is consequently 
impossible in any case. 

Nevertheless Defiers endeavours to solve this problem by 
affixing the powers of t to the several terms of the series R, and 
summing the series. 
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^r r^O, h % d, &a 4bcL Let S^ denote the tngmrmkua wbUk 
he has found for the sum of the aeries T^ (hen we have Ike 
ettoatimi 

This expression is now unconditionally correct^ generally, 
i.e. as long as t remains indeterminate, and we can i^ays subsd- 
taile S,, £oT T^ and conversely, nnlkmit having iojear aa^f GotUrtt- 
dictions at any time. But when we substitute a detenninate 
value in cyphers for t^ as e. g. if we put t=l, wher^jy the aeries 
T, will become the series R above given, we must previously 
to deducing the *^ value" or the ''sum" of this series R from 
the ^' sum" Sr of the series T,, investigate whether the series B 
really has a value, i. e. whether, when conceived as a nmnericid 
series, it is convergent, or whether it can be considered as a 
general series. Now since, as we have shortly before shewn, 
neither one nor the other is the case, we can neither talk of 
ii% ''value" nor of its ''sum*.** Hence we cannot pvetefid to 
find the sum of the series R by puttmg t^\ in S,, as I>Sfiers 
has done. 

Herein we see the explanation of the fact ^at the coaidusions 
which Difiers wished to draw from this summation (loc. cit) 
were necessarily false. 

But if we suppose that z (in the series R) represents a 
positive whole number, then the series R terminates, i.e. it is 
no longer an infinite series, and now we of course obtain Ithe 
value of this finite expression R from the above mentioited sum 
Sr by putting t^\,a» is self-evident. In this manner we fiend 
that R = whenever r is an odd number, and that for r«=5, for 
example, the value of R is = z . 2*. 

Section 48*. 

if we now collect all that has been hitherto said about incite 
series, we shall find the following practical rules for calculating 
with them: 

(1) We may calculate unconditionally with an infinite series 
according to the laws of " algebraical sums," or of " whole func- 
tions of x" as long as it stiU proceeds according to the powers 
of an expression x (which may be simple, or even anywise 
compounded, but) which is conceived so generally that it is only 
considered as a mere supporter of the operations (as a constituent 
element of the form with which we are calculating) without re- 
garding its signification in the slightest degree. 

(2) But when the series^ which occur in such general calcn- 

* For we must, as long as we calculate with series, take care that every series 
with which we calculate can still be conceived as general, or, in case it cannot be 
considered as a general series proceeding according to powers of any expression, 
that it is convergent. Hence we can no longer calculate with iJie series R. 



ladoiis^ become, for particalw niuneneal vi^uea of die letters, 
otiier denes, iHiich can no longer be c<»isidered as sudi as 
pvobeed eoeodding to the powers of a geaerai-Xy ihm me cojt on^ 
^dhm ike -rimiks ef ike ge»erul cdkfdmtkm to kM gmtd m mt 
particular case when the series, considered as numerical, mm ckhn 
vergewt ; because (numerical and) divergent series have been 

acknowledged .to be forms, wHch (as previously the form -} are 

inadmissible in calculation, with which we are therefhrc no longer 
permitted to calculate. 

If we fbUow these rules in calculations with infinite series 
witih proper care, we shall be enabled to calculate with general 
infinite series as well as with finite expressions, and at the same 
time be convinced that we can never, either in general^ or (what 
is most important) in any particular case of application, be led 
Into contradictions. 

Concbtding Renutrk. 

Wb can also inyestigate general infinite series "per se, whidhi 
without being equal to finite expressions, and therefore without 
having a sum in the sense of (sect. 47), yet represent certain 
properties, i. e. are the supporters of certain psoperties, and 
therefore form ideas per se. We apply fior this purpose the 
'^method of indeterminate coefficients" which has been already 
empicyfed in (sects. 45, 46); i.e. we assume the form of the 
series to be 

Aq + Aj . J? + Ag . 3?*+ A3 . a?" + A4 . a* + . . • 
and endeavour to determine the coefiicients Ao, A^, A«, Aa, A^, 
&& which have been as yet left undetermined, so as to answer 
tfafe required end. 

The commencement of the next chapter will present us with 
such a problem, while the course of the same chapter will allow us 
to see, at least in one (but that, a very grand) example, how we can 
in this way arrive at perfectly general ideas, which include former 
pitrtieular ideas as particular cases. But we shall employ this 
method ''of arriving at new and general ideas" in the following 
pages, only to arrive at a general idea of a power, or rather 
to arrive at the idea of a general power, because that example 
is sufficient to shew the general process, and because we are 
here especially concerned about the idea of the general power, 
iti order to be enabled to conclude our views upon the tfivst part 
of Mathematical Analysis. 



SIXTH CHAPTER. 
SBcnoN 49. 

Let as seek an infinite series, which is denoted by ^, and 
which has the property that, (as in the elements a'.o* = flf*^, so) 
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f»'-ifi>*Hf*^ '^P^^ ^ i»^kfpo$it\on thatjf^/^X« repre3eiit series 
which have the same coefficients, and which only differ fi;pm 
one another in that one proceeds according to powers of x, 
another according to powers of z, and the third according to 
powers of d? + jf. ^ ,. ♦. . 

By means of the method of indeterminate coefficients we find 
at once that (f c^ c* f' 

in which series c remains perfectly indeterminate and therefore 
general. 

Now let us consider this series in the simplest case where 
c = l, and let us denote it in this case by (p^, so that 

^ V A iMf HP wv 

(1) ^.= l+^ + _+_H._+... 

then^ (since 0, is a particular case of ^) we have also 

(2) ;«..0. = 0^ 

and^ if we put x-^z for x and divide by (p^ 

(«) ^'=*- 

Whence it follows further that if m represent any positive or 
negative whole number or zero 

This equation (No. 4) still holds^ when m is positive or 
negative and broken^ provided only that we suppose the dignand 
to be positive, (since we are not yet acquainted with any other 
broken powers,) as the proof in the note shews t» 

If we put or = 1 in this equation (No. 4), and x, conceived 



• From (No. 2), viz. it follows that 

h^nciB when m is positive whole (<^«)" = (^m«> And if m is negative whole and for 
Ex. =-n, then we have again (4>^)^={<i,^)-^z^---~-~^=:----'::s^ [{by No, 3) 

t Put X \ 1/ for X in (No. 4), and the positive whole number v for m, thesi 

(4>x'.vY~<pmt and therefore <t»x:v^\/^, 

where </>« is considered as positive, and the root is the single-meaning positive 
root \ — potentiate this equation by the positive or negative whole number /i, then 
we find, since by (No. 4) 

immediately that 

provided only that <^, is positive, in order that the root may be the single-meaning 

positive roAt, and the power (</>jr)^ the siagle-meanlng actual power which was 
defined and treated in the elements (sects. 2(j (ind :43). 



as 'actuate f eft tn, then/ (since 0i h cteArtf "pttdStive^'W* 6bta!R-' 
the correct equation, ' •. ,. i : . 

"' - * * ' ^ , ' '' O ^' ' 

Ill X X dr 

that IS (l+T+2n + ^+--0' =1 + 7+277+^+ ••*•>'' ' "" "■ 

provided x is actual. i . . . t 

If we now once for all denote the positive number ^i by e, 
thi§ equatipn may be written thus 



X x^ ar* 



(6) e.= i+_ + _+_+..., 

provided that a: is actual, so that ef has already received a mean- 
ing in the elements (sect. 28). And in this equation we have 

(Q>-.-e.= ^ + i+2l+5l+4l+---= 2,71825. . , 

This equation (No. 6) gives us now an opportunity of ex- 
tending the idea of the power e* for imaginary values of x, Ay 
understanding the symbol e" to denote from henceforth the injinite 



XX X 



series 1+t+^ + '^ + -»' *" which x is a mere supporter of the 

symbols of operation, and may therefore just qs wM he acttuU a^t 
imaginary. For e* now no longer differs from ^„ and the equa- 
tions (Nos. 2, 3, and 4) may now be written thus 

;;;., ", (i.) e-.e-^^, , \ 

"■'■• '" (11.) -,=<f-, ■ ■■ ■" 

e . ( • ' 

^''^ '" and (III.) (e')'"-c«'/ ^ 

where a? and z may be just as well actual as imaginary, while the 
last equation holds for any positive or negative whole m^ ^pd 
general x, or for any actual m but positive e*. This power c" 
is^jCalllecJ the natural power, and it may be easily proved t^ij^lf 
it is always convergent for every actual and every imaginary 
value 'of X of the form p-hq.i, and. that it has therefore always' 
an actual or imaginary value of the form p + q .i, and that it 
is at tlie same time single-meaning. 
Moreover it also follows that 

(IV.) y(e') = yi.e'-'' 
since by (No. III.) 

(€"*')•' = e<''''>''==e', 

provided that v be supposed positive whole, and jyi represents 
any of its v different values, while x is conceived perfectly 
general. 

The formulas (Nos. I. — IV.) are therefore those which can 
and may be applied for natubal powers, {under the restrictions 
assigned for (Nos. III. and IV".)}. 
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The natural logarithm follows instantly upon the natural 
poweFj if we mean by it the symbol log a which denotes any 

^pilea9ion.a; tiiat makes e* = a, that is, 1 + - +*--^ -i- —^ 4\^[ . =«:. 

l%is equation from which x has to be found has ' the form of 
the higher algebraical equations^ but of an infinite degree^ anldi 
this circumstance leads us to suppose that log a (that ia orj^iwill 
have an infinite number of values^ which ho weaver muat all'be 
of the form p-^q,L 

If we propose to ourselves the problem : to find the values 
of log a upon the supposition that a is actual or imaginary, but 
of the forni p + q,i, that is, if we desire to find all the values 
of log (p + q. i), we may represent them by a + ^.i, "where a 
and p are conceived as actual and are most probably infiiutely 
multiple-meaning, but are in any case yet to be found. We 
then have the equation ;* 

e-^P'^^p + q.i, ^^ 

or c*.c^**ss:2> + ^. f. 

But because e^* is found from e* by putting ^i for x, it follows 
that if we set apart all the terms with even powers of /?, and 
represent the series 

and also collect all the terms with uneven powers of /? ^nd re< 
present this second series, 

then we shaU have 

(3) e^* = K^ + i.S^ 

and (4) e'^^Kp-^i.Sp*. 

The above equation then separates into 

(A) e^.Kfi^p, and (B) e^.Sfi=^q; 

and it now only remains to find the unknown values of a and /3, 
which are conceived as actual, from these two equations^ . . , 

For this purpose a more intimate acquaintance with.' the 
two series represented by Kp and S/s is required, and the result 
of this more intimate acquaintance is called analiftical frigo^ 
nometry. This more intimate acquaintance must be obtained 



* For thote seaders for whom these pages were put together the remarli is n^' 
less, that K^ an^ ^ ^^ ^^ general eos/3 and sin/S, which here appear, as of 

themselves, on occasion of the natuxal power, and independently of geometry. 
Now we must never assume geometry in analysis, since mathematical analysis 
must according to these views precede any doctrine of magnitudes. f 



before we can think of cantinmng tke solution of the proposed 

jifi. ...t,.i.,. ■. Section 51. ' ^ " ' 

First of all we easily prove that the series K^s and Sp are 
convergent for all actual and imaginary values of /? (of the A»tt& 
p)+<qi id^ and Imvis therefore always ar value^ and that they dff 
ifebo omj_ (ting^e^meaning. 

I .By solving die equations (sect. 50, Nos. 3 an^ 4) algebraically 
with; reiqiect to. K/i and &p we obtain 

g/» + ^< e^ - e^ 

' » ' ' K« = — ■ ' ■ and Sfl = — rz — i — 1 

90 that these series are exhibited as expressions in powers (com*- 
moply called exponential expressions) with which we can more 
easily ^^ calculate." 
' , Now if we take any equation between powers, as e. g. 

and substitute for the powers the expressions compounded of 
K and S (by sect. 50, Nos. 3 and 4; we immediately obtain 
equations between these series K and S, namely the equations, 

(1.) S,+, = S, . K, + K, . S,. . , 

(II.) K,+,«Kj,.K,-S|,.Sfc- 

(III.) 8,., = S, . K, - K, . S;^ 

(IV.) K,.,= K..K. + S..S^ 

And if we multiply the equations (sect. 50, Nos. 3 and 4) 
together, we find 

(V.) 1 = (K^)» + (Spy. 

Then it also follows fh>m (Nos. L and II. for 2s«) 
(VI.) S», = 2S,.K,. 

(VII.) K„-(K.)'-(S.)'=1-2(S.)'=2(K.)*-1, ' 
and from (No. VII, for x=^ \z) 



(VIII.) sj.=yiZi;. 



. By means of the formulae (Nos. I. — IV.) the three products 
$. . K;,, R, • K„ and S« . S« may be transformed into suww and 
differences, and also conversely the four sums or differences 
Sa =^ S/i and Ka "^ Kp may be again transformed into prochcts. 

Section 52. 

Upon now entering upon the values in cyphers of these 
general series denoted by It and S, we must first of all renaark, 
that for actual values of x the values of K, and S, will be always 
actual, and (on account of No. V.) must always lie between 
+ 1 and - 1. 
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Moreover^ if we write h for z and substitute for S^ and K^ 
the infinite series which are represented by these syml^ols^ tbe 
formuke (Nos. I. and II.) become 

(X.) S,+» = S, + K,.A-S,.--r-K,. — + S,.-T+...in inf. 
^ z! 31 4! .. t.../ 

(XI.) K.+»=K,-S,.A-K,.— +S,.j| + K,.j-j+...iiLpf J 

whence it follows, that: 

(a) The actual values of the series S« and Kj alter jcon.* 
tinuously with the actual values of jr. 

(6) The actual values of the series S, increase together with 
those of Xy as long as K^ is positive ; but decrease continuously^ 
while X is conceived as increasing continuously from — ho through 
to +00, as soon and as long as K, is negative ; they pass more- 
over from increasing to decreasing (that is, have a mt^imum) at 
the moment that K« becomes = 0, and S, is positive ; and fi^^^i 
pass from decreasing to increasing (i. e. have a minimum) at the 
moment that K, becomes = 0, and S, is negative. t - . ^ 

(c) The actual values of the series K, on the other hain(| 
decrease, as those of x increase, as long as S, is positive j i% 
crease with the values of x as soon and as long as S^ is negative;, 

p»i from I |.''*^r«?^^"« I to I «!i'«»i''«^ng » j^ ^^ ^^ ^ 

\\ Idimmishiugj | mcreasmg J .! :. 

that S, becomes = and K. is at the same time < ^ .- i- . -^ 
. ; In^ativeJ// 

Sbction 53. '"" ''^ 

If we suppose the value of S, (or of K,) given, and ttie value 
of x required, the equation for determining x has alw^^ , th^ 
form of an higher algebraical equation, but of an infinite degree^ 
and this leads us to conjecture that there will be an infinite 
number of Values of x of the form p + qi for which S, (bi' K,) 
will have one and the same value. . 

AH this points at a periodical recurrence in the VaTues'df 
K, and S^^ But we are confirmed in this view by a c<j»nsidei:ation 
of the equations (sect 51, Nos. I. and II.) For they shew ^Us 
that' the Values of S,^, and S„ as also of K^.^, and K^ ^e ^ual 
to otie another whenever the difference x between the argumehts 
(arcs) X -\-z and z is such that K, = 1 and S, = 0. The whole in- 
vestigation now turns upon the discovery of these valncs. 

''ill/ 

, , • . 1 . Section 54. • ■ » 

Now if we put /3 = in (sect. 50, Nos. 1 and 2) we ob^n, 
(1) Ko=l, and (2) So = 0. 

Hence, while x increases continuously from 0, S, will also in- 
crease continuously with it from (by sect. 52, 6), and K, simul- 
taneoasly decrease continuously frc»m \ (by sect. 52, e). If we 
now denote the smallest positive value of or, for which K« has 
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diipinisbed down to 0, (and S« has th^reforje ,6in)ultane9iis1y 
itipreased up to 1,) and whose existence roay be easily proved*, 
by ^TT, that is, the double of this positive number ^y ^, then 
17V6 have 

. '(3) K^, = and. (4) Si,= l^ 

And we now deduce by means of the equations (sect. 52, Nos. 
VI. VII.) for a: = z = ^TT or a? = z = tt, and (sect. 52^ No$. . I. 
and II.) for a?-=7r, 2 = 4^, the following results 

(5) K„ = -l and (6) S^t^O, 

(7) K|, = and (8) S|.±=-l, 

(9) K2^ = +l and (10) S,^ = 0. 

Then it follows further from (sect. 52, Nos. I. — IV.) for x=:ir, 2w, 

(11) K.,. = -K. (12) S,.. = + S^ 

(IS) K.+. = -K. (14) S^+, = ~S., 

(15) K^.. = + K. (16) S,»_. = -S.. 

If we now separate all positive (whole or broken, rational 
ot irrational) contiguous numbers into equal sections (from 
to Jw, from Jtt to tt, from tt to |ir, from |7r to 27r, from g-n- to fir 
and so on), the limits of any one of which always exceed those 
of the previous one by Jtt, and if we call the collection of all 
positive numbers in any such section a quadrant, we shall see 
clearly from the formulae (Nos. 1 — 16.) (by supposing all numbers- 
in the first quadrant, i. e. from to J v to be sul3stituted for 
z), that: 

Within the four first quadrants, while the actual values of x 
are supposed to increase continuously from to 27r, the values 
of the series K^ and S, are as follows : , 



Quadrants. 



in the l^t. 
in the 2nd. 
in the 3rd. 
in the 4th. 



Values of the series K*. 



positive, and decreas- 
ing from 1 to 0. 

negative and decreas- 
ing from to — 1. 

negative and increas- 
ing from — 1 to 0. 

positive and increas- 
ing from to 1. 



Values of the series S*. 



positive and increasr,, 
ing from to 1. 

positive and decreas- 
ing from 1 to 0. V 

negative and decreas- ■ 
ing from to - 1, 

negative and increas- 
ing from - 1 to 0., 

— ^ - 



And then we easily find from (sect. 52, Nos. I. and it,) (for 
a — 2vj 4iir, Gtt, ... and 2 = 27r), that when n is a positive 
whole number, ^ 

(17) K,»ir=l and (18) S,,„ = 0, . . 

• We shew that for a = 1, K, is sliTI positive, but that for .t = 2, K, has become 
negative, cotisequently there is one value of » between I'atnl^,' fb^Whieh K'^^i^O. 
Hence not only does this value eiciat, but it may even be found by th« Newtonian 
metbod of approximation* ,« 



(0® K«,r+,'=»;K, ' and (20) S,^+,^S,^ ^,:(/iu 
that is, in any four following quadrants the valued of the sefcim 
K« and S« recur exactly in the same order as in the four first 
quadrants. 

Finally it follows from (sect. 50, Nos. 1 and 2) that 

;■; ' ' (21)' K^.K, and (22) S^^^^%, . ;•; ;.,, . 

whc^e it foUowa that the ibnnulas (Nos, 17— gO) boli^ V^^<^<^J 
n be. positive or negative whol«^ or zepo, . ^ . . ' ,^^ ., 

, J... I Sccrnoi? 55. ,,, ; ., 

' ' It tiow clearly fbllows, that • nffuj.. 

- > J (a) . Th^ values of tihe series K, and S^ may* he c^ukited 
f<Mr"^l 'potitti^ and iiegati[<re values of 4? by llBe.fijmalflerj^iM. 
QI'^^^^SS) -vrflhottt any difieulty as soon as th^ liavB<iM«iJ)aH 
nAtieAtted attd tafavlaled for all fwaitive valaea a of « • iiintht 
iii^M •quadrant; <>i t.. 

^* (5) The values of the series K, and S« may be akaioahsft* 
ktedibr all imaginary wlues of x whieh ^zp^^mi, aa\sooik)as 
the values of K^i and Sp^ that is> (by 9ect ^Q^ ]8#e-/i:tAti[^^ 
lihB'ivfliaea .of the aeries ..i ^ fn//: 

()i ..<ih •».' , tf* i9* /S* e'-i-e^^ I ' ,^r>^u 

>v,i:.j/;) .If '' ^g!^4! 6! ** 2 * ■' ''-ilqrnoTJJ. 

il'Mj' (' '^and' fi^"^ -I- T^ + =-r + . . . or ■■' '" ■ ■ " » . - »ivjvi\\\\ 

^ave beetfxsalculated and tabulated for aU positive values ot^j^, 
ance by (Nos. I. and 11.) of (sect 52) i ' '^^^^"'^^ ' 

'jflj 'to ;: • • and Kp+,.i= Kp. K,j — Sp. S,<. ■^^. ,v^ jj^ji, 

'"•' ■'■ , SectiohSS. • ' '"f '^m"- 

(•; Hence. if we have given K, ===/;& and S«»V| wrhiferej^GiiluiftKy 
tBolyibe' any actual or imaginary expressions and woifindi^at 
l^fmiffitK lytthen J? has an infinite number of values whioiikieMlijfW 
both these equations^ and if (p is any one of tbese^valitf^^lietittl 
orfinibaginary^ tiien all these values are represented (l^y'FM29»¥^ (f}, 
when 'ft represents zero or any positive nmnber^ .If .|/e»'rend^F 
ase sioliial^ then one of these v^es of a (wbA only oi^ tifis 
itiliun the four first quadrants^ and tins may be that rejhreseBte4 
hy <p. It may be also easily proved that besides the infitntely 
many values of a represent^ by^ ^Znv^ + ip, there ia no dther 
one which can simuhaneousiy satisfy both equations K;^^^ and 
S, = v. 

Jf £[« lor Sw is given by itself^ then x kas twice as many 



li. m 1-^ 



* We possess the commencement of such a teblecalcQiated by Gudennaimm 
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values as if K, and S« were given simuUaOefl Patj^, -fa gfawKle f jir g 
may just as w^ take S, » + Jl-^fi' as S, = '^\Jl ^'/€or Ki t= ;*, 
and ><;Gaiversel7« r, . ... t. ., 

Sectiqn 56*. 

(Common) calculation with cyphers may now l>e somewhat 
fuxuier extended. Tile object of (common) cdcukdon with icyphers 
js^ namely: '*to transform any ei^ressioii, howerer «m|jtef >dr 
however complex, which has origmally ansen from numeriad 
numbers (sect. 31), into a general numerical number (sect. 39), 
i. e. into an actual number (positive or negative whole or broken 
number, or sero) or into an imaginary nnmber of t^e.^rm 
p *f jjr . a/^9 where p and g are actual, and aecondanily, i£ re- 
quited, to express t»e actoal wh<4e Bumbo-s, or the: nufneicat^gra 
and 'dcflkoimiiatQrB of the actual broken nombcra m nuBBedifsil 
nditnbera (sect 31), i^e. in sums arranged according t»'pow€«*s 
of 10, unless it is pref e rred to exhibit the fracti<»is us decipi^ 
fiaxttuDnSb" And an expression is aaid to be '' cakiUiUed* " or 
f^enaluate^' when it h as b een reduced to this last (actual <w 

(«ai^iia»y>f«m p-^qj^. ." 

Now since all actual values are also contained in tke ;fanhl 

p+qj^ (in as much as q may be =0), we shall be able to 
accomplish the object of (common) calculation with cyphers 
thoroughly, if we learn how to transform (1) the sum, (2) the 
difference, (3) the predmct, and (4) the qu^timii of (two such 
gjpneral, numerical expressions as a + ^ tj— 1 and 7 + S ^— 1, into 
a similar expres^on of the form p + q > v—l; and also'Uie ex- 

pressions (5) Vp ^qj- 1, (^(p + f>/^^ (7) log (p + g^- 0* 
and (8) (p + ^/s/- 1)**^^*^"* ^^to * similar tttpression of the 
same form P + Q^/^. The four first of these problems have 
been already perfectly solved (in sect. 39), while we have as yet 
oiA^Jtreated the particular case of the fifth proMemfinjaedtl Sff) 
I^U^r^y instead of the m^ we had the square root- "[rae fiptriiriMt 
«hJUeDOl&of (connnon) calculation with cyphers maBtconlequendy 
be>lMiived>ia'this place. > :; m . 1 

s: -We shall proceed to solve the 5th and 6th of these probfehiB^ 
asiaipreliitfinary irtep, in the next (sect), and then m the £d&ss^^ 
ing ^eet. 56) come to the sduticm o€ the 7th problem, whioh was 
^Tftposed in (sect. 50), and finally, afio* we have at kst been able 
tio^fltiblish the idea of the general power, we ahaU aolve die last 
of the above jproblems, and thus be enabled to bring (commcui) 
calculation with cyphers to a conclusion. 



* ** To calculate an expression " feinen Ansdnick ^erecbnen^ must' be tare- 
fally distinguished from "to c alf ula te wif fctm cx pr eMi oa*' {mit einem Ausdrucke 
recbscn) thatis, (sect. 560 ™^t act be eonfoonded with (sect» 6). Trans* 



....... . Si«:nON.57. ,^ ,,. „,^,,,^ 

» . , Kor thfe |WI1K¥^ we, prove the (V>rmu]^».wl^«v^ /f,,ia:.lp<Mijt\Yeer 
nes^ilHVte whffl&,wtm^ ^is on^ potitivej • .,v,, , .m.-i.I| 

vfakre kero or aay fMiitive er. Aega^9 vihait Aunaber Aiaj^ be 
substituted for »> while the expression on the rieht in (No. II.) 
will nevertheless furtiish no more than » values of th^ root on 
the lefti since the values of K\2nw+fi)iv ^^^ ^{9t^+fi):i^ ^^^ ^^ 
altered when n is increased by a multiple of y (by sect. £14, Nos. 
19 tind £0). Consequently we only give the v values O, 1> 2, 3> 
. . .' V - 1, to fi on the right in (No. II.), or often Qp}y Ifflf these 
positive values, with the addition of the negative values — 1> ^2, 
- 3, &c. until we have really obtained the v different values^i^Uxe 
•fodt on the left. ^^'^'M 

•' If ^e now write m/^ ^or (3 in (No. II.) we obtain also ^ O 

(III-) . y(K^ + t . SfiY = K(2n»+|4^):i'+ « • S^nirihMAhKI, I '» 

while on the other hand by potentiating (No. II.) on the right 
and left by fx, we find from (No. II.) 

.fit . •- i(IV.) {\/Kp + i . 8^}''= K(«„»+^^:,,+ i , S(fn«»-h#fii^*' '//' 

^hf^^ we .must in all cases substitute for n at nio^^ ttie '»"[ values 
Of, l^ S,j ^ . . .v^ I, or only half these positive vaTu^' anfl 'iKen 
the negative ones - 1, —2, —3, &c. Now it may ^e i^een'^IRJin 
the formula (Nos. III. and IV.), that there Win' be" aWajriH 
really different values on the right in (No. III.), but that the 
number of the different values in (No. IV.) is less, whenever fi 
und F/.have i^eqniman divisor. And herein we haye fqr f^ first 
l^in^ the more general explanation of the assertion made ,]n Tsect 

41 upon No. 4.), viz. that ^(o**) = (I^fly* is not a correct eqiWr 
tion in the sense of (sect. 3). 

Finally, the expressions on the right in £hese 4 equations 
(Nos. I.— IV.) express exactly all the values of 'the expressions 
ipn tfie left, neither more nor less, so that these equi^tibffs '(IVdjC ft 
— IV.) are perfectly correct equations in the sense of'(sect...^.'7/, 

Now if p and q are any actual numbers^ and vfQuhawm to 

• For by (8ect.!50,No.3.), K^ + » .S^ = «^* and («P</-««*^*p|C^^4:i.S^^, 
as also by (sect. 64, Nos. 19 and 20) K^+i . S^ = K,„,^^+i.S,„^ll=/^»»+/W, 
and therefyre^CKp + i, S^)=yg(2nir+^).i = (by sect. 49. IV.) c<»nW/5)<:i'. j^/j 

, But l^ecause the second factor on the right has already v diffof^ygit H»in^!^ 
the Whole result on the right cannot .have more titan v values, we uaynat foriLfi 
the single value 1. FromthisresultsNo.il. . .. , . • ,,,!,.. */ 
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p otentiate p + q.i by /*, o^' to ^^ ca lculate" \/p + qi, or the root 
V(pr^'or the ^irtr[l/pTq7f*; h'e: tof«iUG« iM value of 
these expressions to the form P -f Q • (, we prodtod wi #9tt<MlPftr • 

Calculate r = + Jp'-^/f, and ^ iM tbo-le^si pni^iv^yvtlue that 
satisfies the equations K^^- mid S^^^».-^ that jp + g.t 
«*4 f*/^ (K^i 4^ a ^)^ then- we liAve • by 4he ussiatanfe o£ Not»- I.<<rrlV% 



.it}]t«y(e <fi« Ji/r and j^/^ are the single-^meaning positive rooj(s and 
powers which have been already established ia the .dements 
(sects. 26,r96i «a)» .while it is sufficient to giv^ «»,,the.^, yplues 
0, 1, 2, 3, 4, ... V- 1, or only the half of these positive values^ 
and as itiaiiy negative \^ues - 1, - 2; — S, &c &c» ' ' 

SEcmoN 57*. - . / ji .1 i.'i/ 

We caM thai one of the y values of l/pTp^l in (Nb. 2), the 
sin^lest, in, which « is taken =0, i.e. which does not receive ^he 
nuppil^er w. But i£ p + q,i is actual and alsoposltlVi'^afi'd =i» 
suppose)^ then the simptest value of j^a is at the'satnfe tnne* the 
positive, or,^bpolute root of (sect. .36).* . , . ,',...'„ ..Vll^j 

•lilt trrit ?i,M . _J ■ ■ ■ .,* .' .N^A^ V!|»-.'>'1 

M T > f'Ui .|' V • •• ... :, !, >,!, t, 'fMl.'iUfl 

*' '** IPVe ifUh to obtain the v values of^l and of J/^' fro* tNb:'«)i' W ^Mt 
lite'i=b, and p = + l or p = -l. Then r = +l, ylr = \, kn^ ft)l'i»'t:.f'V, f ^, 
fiWj^ifc-ilV'<^fa"r, afad we have . r • .' i'm,ii [4 



r^^iph^n jrepeive^ sjicceasivelj the v values 0, 1, 2, 3 ... v— 1, or only, Wf of these 
tiye values, and instead of the other half, tne negative valnes '^1', —2^' —'9, 



positive 

&c. 6ec. ' . ' • . . /I 

"i W% dan- Also obtain tb«se results directly from the fonmila (|f 0. II.^> i^em- 
bering that + 1 = K2„»+ i . S^^, and - 1 = K^„^)ir + * • ^^Sn+l) »• ^"^ then 
we have directly 

= ^(2n+l)ir:i'-t'* • S(2n+l)ir:i/. 

The simplest value of these roots (which according to the above definition 

results from putting n =0) is consequently 1 for ^1, and K^.^+i .S^.^ for V— 1. 

But the last value is not the actual value —1, wliich exists when v is uneven, and 
v?hich results from putting 2n + 1 = v* 

4 
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SBoxniN S8. 

Hifc problem of (s^ct 50) may now be complelSy sohtA^ 
that 18^ the natural logftritiim of p+q> t caB xxow be ''cden- 
latod." We were there led, by putting 

log (p + gi) = «+/3.t, and therefore />+gf=^+^* 

to the equations, 

(A)c«.K^ = p, and (B) fi*.S/5 = }. 

From these we now find (by squaring and adding) 

(C) e^^+^^if^r, 

so that a shews itself to be the actual kgarithm (sect 29) of 
the positive number r for the positive base e, bnt has never 
more than one single value, wlwh may be denoted by Lr, so 
that Lr denotes the one single actual value of the natural lo- 
garithm of r (whidi is found to be negatnw, aero, or positive 
acc<Hrding as t itself is < 1, = 1 or > 1). 

Besides this we hartre from the equations (A and B) 

(D) Kp=:£«ld S/|«2 

and for these actual values ci K/b and S^ we find all the values 
of/3 = ^2nfr + 0, where <b lies between and 2fr, and denotes 
1^ least positive one of liiese values. Therefore we have 

(I.) log (p + ^t) =Lr + (2n9r + 0) . t 

wbere n represents every posldve, and also every negative whole 
number. 

Remark, We must not overlook l^e drcmnstance that the 
equation (D) presupposes that r is not zero, that is, that we 
have not simultaneously p = and ^ = 0. The values which we 
have found for the natural logarithm consequently always cease 
to be admissible in calculation, whenever the logarithmand -^0. 

Hence log is a form which is as inadmissible in calcula- 
tion as rr, and when we therefore, in the applications of any 

general calculation, encounter log 0, the calculation must be 
immediately given up, and the present particular result partica- 
larly investigated^ 

SBcmoN 58*. 

Among these infinitely many values of log (p-^qi), which 
are all really different from one another, i.e. not equal to one 
another, and which will with few exceptions be always imagi- 
nary, we will term that one the simplest which results from 
putting A^sO, and therefore does not contain the number ir. 
But it a=:p + qi is actual and positive, that is, if p — a and 
g ~ 0, and therefore r = a and = 0, this simplest value of log a 
IS also the actual one which we have just represented by La. 
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Cottsequentfy we can in general, also, even when a does not happen 
e^KOctfy to be positive, hut may be other negative or imaginary, denote 
£^,i^MFi^ST value of log abyJaa, so uat the signincation of .La 
is thereby generalized; and we have 

(II.) L (p + gft) » Lr + • f, 

and (III.) logfl = La + 2nflr.f, 

where n represents vkro, or any positive or negative whole nam* 
ber^ while a may be either actual or imaginary. 

If on the other hand a is actual and positive^ we have also 

(1) loga = La + 2n9r.t^ 

(2) log (-fl) =Lfl + (2n + l) w.« = L(-o) + 2«ir.j, 

(3) Jogl=2»w-.«, 

(4) log <- 1) « (2» + 1) IT . i = L (- 1) +2» 7r.i\ 

where L a represents the simplest value of log a, and is in this 
case^ where a is positive, also the single actual value of the na« 
tural logarithm of a, i. e. the lognrithm which is known in the 
elements (seqt 29) under the name of the actual logarithm (of the 
positive number a, for the positive base e), whilst^ when - a is 
negative, we shall still have 
,, L( — a) = La + «•.!. 

Section 59. 

With these (single-meaning) simplest values of the natural lo- 
garithm^ we can only calculate according to the two formuls?^ 

• (1) L (a6) B La 4- Ld^ 

<^) L (|)»La^L6, 

wh^re a and b are any actual or imaginary numbers. 

With regard to the remaining formulae which were previously 
given (sect. 30) for actual logarithms^ we cannot as yet say that 
generally L {a*) ^x .Ita, because we have not yet established the 
ipeaning of a" when a and x are general. Finally, the equation 

^(7^^)=^*'^> where m is a positive whole number^ cannot be 

considered as an equation in the sense of (sect. 3), because "Jja, 
and consequently also L (^a), has m values^ whereas the expre&- 
^ion on the left only represents one single value^ so that one side 
of this equation cannot be unconditionally substituted for the 
other. 

Forifiroputo«ep+9»,r«+Vj?+?, ?=K^. «»d|^S^, and we understand 
by ^ itself the lean p«sttiiw value of ^, then we have by (-sect. 67, No. II.) 



• Per by (No. 11.) L(-a) = La+ir.i, 

and L(— l) = Ll + ']r ,t=ir.i. 

4—2 



wHere^^'^epr^sente'<y'ntigt6-meaning absolute toot, while n is'z^ro;'a:iM^iAtl 
ukoi^uumberfrv^tia tn«^li /T^eitefore- ' > '^ lO 

^because "^r is posUiveb L(!|/r} is actual, and for actual logarithms th^ equatipp 
L Cs/r) = — has already been shewn to be correct (sect. 30.) On the other hand, 

since (p+gt)=»*(K^ + ».S.) = r.e**, 

we haye X«a = L(p + 7 .t) = Lr+</>.i, 

and therefore (h) — ^ ^-^ 



in m 



If we now compare fhe two results in ^d) and (6) on the tlgbt^ 
'we find that, 

(3) L (» = ^^ 



m 



M sL correct equation only when we also ptit for "^a its simpksi 
Value, 1. e. that value in whose imaginary portion the nudiber ^ 
doeb not occur, (see sect. 57^}* Hence if /i is actual and positiVe(, 
tfcfe c^quatien (No. S) holds, provided the f>o8itive value oftlri^ 
root is meant by ^fl, and it then coincides with thiat df (»«tet. 86). 

w' ' . Section 60. ... 

Finally, with regard to \he infinitely multiple-meani^Vg natural 
logarithms, we must calculate with them with the same precaution, 
a8<j#effind imfulcated in .(setts. 37^ «nd 41) for the mdny-meadftig 
.i«dotsV''\ ^' • • ' - '• »!»//•. 

■ x'lThe f(»«tfute 

'^"» ^" ' '='• (i) log(ai) = loga+iog&;* . , .. ' '^''" 



a' 



(2) Iog.(^^j = logia-log^;: 

have on the right and the left the same number of and precisely 
tl^^.ifa^t^'ivMui^i 'pr<Qvided ;/a be considered aatfaa^i^gtm 9lQ«P»r 

,, ;/ Hence^ WgiC^!) =^ Wi^+^^gs ; on t1?e other h^^nd we may not wn^ ^Wflfef 
Ioff,a + Ioga (conip. sect, av ana sect. 41), because 21oga "has fewer yalues than 
h)$A + lfcfgtf,.vit'. if '» \joltk6\tt ^\\ those values of the lattei* siim (Iogo'+16fe'H¥lftrr 
whitb«ihf«)8innnbidS'ane>oonc»iTed as rej^resenting (^fferdnt valuer. 'NamvJ^; ^ 
find* • • ■ — ' - .... 

and 
and 
mistakfiij 




ings;— these equations are tberiefdre Qoy sect.vS)'uiiconditiona]ly' 
eorrect; i.e. the two expressions to tjie t^ght «id left of these 
equations can be unconoitionally substituted [onp, for, th«> other. 
On the other hand we cannot yet say that in geneical Xogijty 
■^ X log a, because a' has yet no general meaning ; and for the par- 
ticular case that a is general while ar is a positive <yr negativer 
whole number, log (a'J has always many (± x times) more values 
than X log a, as the following investigation will shew. ' 

For if a =p + 9 • i) and r and </> have their former meanings, so that i/> lies wkhin 
the four first quadrants, we have 

(o) log(a') = log{(p + 5.»)*} = log(r'.e*^-*)=iLr+x<^i+2nx.v . 
where n represents zero and any positive and negative whole numheV. While 

(/3) xloga = xlog{p + g.i) = jf{Lr+(2n'7r + <^)i^ssxLr + «^i + 2njc«'.i. 

If we compare (a) and {Q) on the right we find that in (a) there are ±x times* 
^ waay yeJi^^ a^ in ifi). And the as^rtioii in the note (for a;=^).i9 at tiiie| samec 

time justified. 

. '. .1 ... . J/' 

Section 61. 

I 

Now since all the infinite series f^y whiqh were sought and 
fpl^l4^ia(i5ect. 40)^ wA have the property ^dXf^rfy^,^-^^ n^^t^ 
be, §|;|prQSsed by. e", the general power a', which we af e em^^ar 
v.c)^^i23g; to. findL must be contained in e*'. Now sinpe fpr ^^i ^ X9* ^ 
l^etqovixeS)49' aivl for « = 1^ tf' becomes e*, we must ta}^e <frrf?,awl 
thi^efore. either ctslogtf or C:=^ha, where Wa bi^$.,^&ni|t;d(y 
many values^ and La represents the simplest 01 these values. 

We can therefore establish the idea of the power a' (in which 
a and x are any actual or imaginary numbers^ so that we may 
alTT^y^ suppose ^ .. - / . .t: I 

pfiTfeieriy. -gwierally aa a, form of which represent^f t)verini|tiiHi;i»l 

power e*^°*". This power a' we therefore call the general po^fi^ 

Now log a, that is> log(jo + gt) has infinitely ,jmuyjl/13itueSjt 

which (if we put r = + jjp'-^^t and if ^ represents the fea*/ posi" 
tive value which results fVom the equations 

Ka := - , and Sa =s ^ , 

and Lr the actual logarithm of the positive number r for the 
positive base e), are all represented by 

/i')<t)'r(i| hi' i( 'ioga 39 LfT + (2n9r + ^) .'f> - i' •. « jlt fio 'whtl 

^et« » r«pres«its aero or Any positive or negative "Wh^dl^^iiutili 
ber ; — therefore the general pomer tf or e**^*^ expresses an infinite 
nitnber of such infinite series (i. e. of such natiird pot^efi**);'* W0 
Sieparate from these one value^ corresponfling to the smplesi vajpd 
of toga (58^)^ which consequently does not receive the number Vr^ 
and is thfe value ^^;^^^*; this we still represent by A*,' but daH th^ 
simphsi valtie qf ihfi gene^'al power, . » ■. . 

The symbol a' therefore represents^ at one' time- aiZ the^ infi- 
nitely many values -whiehi are expressed. by e*:^'''% and is then 
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called the general power; while at another time the same aymbot 
IS* only represents the simplesi value e* * ''* of tki9 generml pomer et, 
^ In all cases therefore m which any ambigoity arises, or may 
arise from the doable-meaning of the same symbol o*^ ire xbkA 
Btcessarily meet the difficulty in a decided manner, eitfier \ff 
irords or by particular distincdve Sjrmbols. 

SecmoN 63. 

OF THE SIMPLEST VALUES OF THE GEltEBAL POWEB. 

We shall now however first consider the simplest values of the 
general power. According to the definition we can immediately 
** calculate" these powers, i. e. reduce them to the form P + Q . t ; 
for, on the hypothesis that we are only employing the simplest 
values of the powa^, 
(0)a"thatis,(|l+g.t)* + ^•* = e(«+^•<)•^tt>+«•<>=c(«+^•«•l^»•t«^i) 

wlicre r »4- ^j^+ ^ and ^ is the least positive value fbtmd for 

^ from the equations K^ = - and S^ = ^, while Lr representitiie 

actual logarithm of r. 

Now if a =jp + 9 1 is act%wl and poeiHve, we obtain firom this 
equation since q^O, p^Oj r^a, ^ « 0, 

0) (+a)«+^'=e-^«.(K^.La + «.S^.La) 

where a"^ is actual; and the Author has in his Instruction<^Booira^ 
considered this particular case of the simplest value of the general 
power under the name of the artificial power (kiinstliche Patenz) 
(ina^nuch as the artificial logarithm is exposed to it). 
Now it is self-evident (from and J) that 

(1) If X is actual and 2=-, and a is positive^ then /3=:0, 



a = -, 9 = 0, p = a, <p = 0, and therefore from (])) 

^r =e^ =»;/(« '*-^«) = V^ (by No. 10, sect 49), 
that is, the simplest value of the general power is in this particu- 
lar case, where the dignand is positive, and the exponent x 
actual, at the same time the actual power of (sect. £8;. 

(2) If JB is positive or negative, whole or zero, but a general^ 
and =p + q. f, then /3 = 0, a = x, positive or negative, whole or 
zero, and (from Q) 

a* = (p + 5r.i)' = r'.(K,^ + i.S,^), 

where (by No. 1) r* rem-esents the actual, and therefore here 
the difference-power (of sect. 24). Consequently the simplest 



value of the general power a" is in this case at the same. time 
th^ difierence*power of (sect 24), by (sect. 57a No. l). 

(S). If flt= e, but X = a +/3i be anywise actual or imaginicry, 
tjbm. I/« = Le^l, and the simplest value a' or e"''^ of the 
Ifeneva) power> coincides with the natural power e*. 

The simplest value of the general power a* consequent^ 
includes all powers hitherto considered as particular cases ; 
and the definition given in {sect. 6i) is therefore justified. 

For these simplest values of uxe general powers the five 
formulae or laws xaay be immediately proved (from a' «€'*''% 
fl *=;«*•'"), viz. 

(1) a'.a'=o"+'; (2) fl*:a« = a'^; 

(3) 4e'-4'^(a6)'; (4) a' : 6' = (a : 5)', 

and (5) (o«)*»a'% 

so that we can apply them without further trouble for ithe^pfirr 
pose of '^calculating'' with the simpksi values of the geneffal 
powers, although a, a, sf, b are here concaved to be either aetiiai 
or imaginary. 

At the same time it is clear from the idea of the atnplett 
value of the general power^ that although 

(6) L(a*)=a?.La, 

however general a and x may be conceived as beings aettud* or 
imaginary^ provided L represent here, as usual^ the simplest 
value of the natural logarithm, yet that the equation > ' 

log («*) = X log a, 

where log represents all the infinitely many values of the natural 
logarithm, only hidds in a very Hmited signification. 

For (a) loir(a')»L(a*)+anir.isx.La4>2nr»t, ., 

while (/3) a7loga£:9.La+2n'«or.t. . . 

Kow these two ezpiessioni agree in their aetual pockieni^ hntiBoliatl^ir 

imaginary parts ; not eren when x is positive or negative whole, since ^cloaa^as 
then much fewer values than log (a') so that the two expressions lo^(a*) and 
tr log a cannot be unconditionally substituted for one another*. Henpf , fac^rding 
to the idea of sect. 3) log (a'} and xloga are in general not eqnaK 

Remark. According to the remark in (sect. 58) and. from 
an inspection of the above formula (0), the idea of the general 
power excludes the case, where the dignand p4^qi becomea 
= 0, that is, where j)=o=sr«=0. But if we conceive ^. = 0, and 
j9, and therefore r to decrease continually^ then Lr iilthouj^ 
always negative, will increase absolutely. If then a is posihi^e 
and /? « 0, the first factor (in 0) wiU approach zero nearer 
and nearer^ the smaller p becomes, and thus we shall find at 
last that O^csO, provided that a is positive, either rational or 
irrational. 



" Compwe note to (sect €0). K the above truth be takes in consideration, 
another source of the puadoxe» of calculation will be dried up. 



A eeneral loaarithm is, opposed tp this simplest value of th£ 
d^i^rMo^e^TSVe UTiderstand, vlz/W' th^ gVae'rIl'1tg4?rf 

the symbol Xog a, in 'which a and c are any actual or im$giaijry 
numbers, anddiwfaiiiSi )df^note^>iiny^Meh{iisi»9k>]>''<rii iidftch'^aikes 
the simplest value of the generid power c'^ a, i. e. e*'^* = a. 
From this definitibn' it fblldws that, ^ ' ' 

where the numerator log a, denotes all the infinitely ipany values 
of the natural logarithm of a, while La aiid'Lc denote the simplest 
values ,9|C the. natural logaritiim of the number u and. th^ b*a^ C; 
(^ X^t'S^ example Lc is the actual log^ithm,^ whenever the 
b«3Q 0^,}^ fioDsIdered as actual and positive). .In.tWs last cass 
(when the base is positive and actual) the general logaritW 
becomes that which is termed the artificial Icfg^rit^^ fP)^^ 
Author's Instruction-books. 

If then we wish to " calculate" the general logarithm loff(7+Bt), 
dML^Hs/io rediice it to the form P + Q.«, we have ' ^^ "^ '^ 

L^.Lr + (2«r+ >^)^ - — 0. L/o + (2«w + >/r)Lr . 
„„,. ,,.^ . I (L>-)' + ^' "" (Lr)'+«' ^ ••' 

wbei^e "r = + J]f-hff, f> = + x/V + S', and where ^ and >//•' iire the 



I •< I 



leHst^J^OflHbitfVidbiies found from the equationB, * u\\) 

K^ = - , S^ = - and K^ =^ — ^ S^ = — , 

while n may represent zero or any positive or negative whole 
number. 

Now it follows from hence, that : 

(A) The general logarithm has always infinitely many <v^l^ei?, 
which are either all imaginary, or of which only one is^ actual. 

-^i)' If the base p+qi is positive and ^-a, then ri^ai'^do', 
and we have, ^fi'o ) 

and these are therefore the values of the artificial logarithm of 
7+^.ii.\.They are all imaginary, when y + l,i is imaginary or 

negative, but there is one actual value (t-^) among them when 

7 4- St = 7 and is positive, and this actual value was the only one 
termed artificial in old mathematics. 

(C) The general logarithm always beccnnes the natural: one^ 
whenevei[ the base p-hqtis taken =s <J (so that q = and j)t=e). 



(D) If y, B^ 0^ ^ are ,89 ehosea- tliat 

Lr ; L/» = : (2 « TT + >//), 

^^, any particular value , of n, then th^ g^nev^t log^ritjitn . of an 
Imaginary number^ for an imaginary base> has always one' actual. 
tiliie^.''" ••'■•'■/ * v' '"!'•'' ji'i 

> > (S) r P6r these genei^id logaridnns the fffttwaho' - > '•:><' 

(1) Iog(a6) = loga-i:log6^ i 



(2) l<>g^|)=^loga-log6,. 

'(3); log(-»=4f 



m ' 






sti^hold unconditionally, since they contain precisely the same 
nutnber of values on the right as on the left^ as follows im^ 
liicidiatdy from ' the formulee in (sect. 60) in conjunction witlji 
j^Nb. 1.). 

On the contrary, the equation 

log(a*) = i.loga, , . 

does not hold generally, as results also from (sect. 60^ We n?U4t 
consequently either never apply this latter equation, or only 
with the greatest caution, as it only holds in a very restj^cted 
signification. 

J Section 63*. 

, If we now distinguish the simplest value = — of the general 

logarithm and denote it by It" a, we have unconditilmally foi^ 
these simplest values 

(1) I/(ab)^L'a + Vb, 



" '^^^ Jj(^r.JJa--l.% 



(3) LV) = J.L'a» . , ,,.^ 

<>oly sholda when ija ^represents the simplest of it^ va^sf 
(Comp. 57*0 . . I >// i)iu 

1^ Astlifi sjmplest exsimple of this case let y='Py i=^q, then fri^r, xptdtp^'^ and 
consequently the ^ above condition is satisfied {{oTn=0), and we have (from No^ 

IX^ylpjS (p + i • = 1 J which is clearly correct. In the same manner if y — p^ — ig* 
aSa 42'2^^; i\iin'fi=p'+q^=f' and Vr=24», «o that the formula (No. II.} noW 

gives for n=Q, 

ii'ifi '/ III' ■;• ;.•.•'■ p+a.l ■' • •' ■■: f.<f: . • 'i 'f.«'-,< 

wlifi(!h44'iitfthifil^ase9erf«otiycoeteet, since w& have really 'j • i-r. , 

(p + g .i)*«tti]i>*»*»q*-4By'f •'fc ' " I •"'.*■■ ' 

• ' 1r I If nor; j&^ VI ass fj^on^fi^, ihefte ^ws at the sBtde liiboe Ithfe lownul^e fol* iactoal loga- 
rithms^-^hi^jJYpxe<^xh^i)i^,iA,(ie|Ct,30),,^ ,, ... ^ ,. ,j '^''i_;i ' ' 
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^'ema¥k. We inuk however not omit to tleittarir that Hie 
general logarithm assumes an madmissibk form, as we see from 
foniiulae (No, II.), whenever, Lr = 0, and at the seme time tp ai (^ 

that is, when r*^f'^<f=^l, and £= 1, i « O, and therefore p ^ 1, 

9 = 0, that is^ when the base is 9tt|^sed to be a 1. 

And since, (by remark to sect 58) Lr is inadmissible in edeir^ 
lation whenever r=:(y, and therefore p^q^O, it Mlow^i **^ 
logarithms are inadmissihle in calcuiatton, 

(a) when the logarithmands are 0; 

(6) when the bases are or 1. 

WTienever, therefore, we meet logO, log 6 or logi, in ap- 
plications of general calculations, the escalation must immediately 
cease, and we must enter upon a particular investigation of what! 
holds in these particular cases. 

Section 64. 
. t)f "^kr infinitely multiple-msaning oenebal p0w£k». 

^e fiball now consider the infoitely multiple«meaning general 
power ^ or ^^% of which the nngle'tneanrng genem ppwer 
Oihitideved in (sect. 6S) is the simj^st value, ana which ia^:ist 
b^ titidsirstobd by the name '' general power" without any ^ual^^ 
fication being added. If we '^ calculate" it for o>=^f-\-%%^^9!if^ 
^txa-^P^i we obtain . ^1 

where n represents successively zero and every positive and also 
every negative whole number t. 

If we now consider the infinitely many values of this genm^ 
power a*, on the right in (0), we find very easily that : 

(1) They are all equal to one another, when x is positive 
or negative whole ; and this single value then exactly coincides 
with the difference-power as denned in (sects. 24 and S5). 

(2) These infinitely many values reduce to v really different 

values, when x=^- and is positive or negative broken, but ex- 
pressed in its lowest terms; and then these v values eicActly 
coincide with the v values of ^(fl'*) in (sect; 57). 

(3) Fmally, the number of different vidues of €1* is rearlly 
inSnitely gfeat, when x is actual and irrational^ or when «'ie 

imagindiy. 

(4) Consequently, if the exponent x in a", that is, (p+ gi)*+^', 
is positive or negative, whole or zero, Ae simplest value of the 

• This is that power which is called the general power simply, in the Author^s 
Instruction-Books. 

t It is clear from what was said in the remark to (sect, 63} that w^ must here 
exclude the case in which the dignand becomes a^O* 
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general ^pomex does not differ from the ii^fi»i^l;jr/piultip|i^mean« 

ii^, general powor^ i.eu tbegan^raL pQifr^r 8}mply<» . Aocl !bqtjti 

aiKamtely cotncide with the diffesence-i^Ti?)^ of; (s^c^ ^4), , . T 

(5) But if the exponent x is positive or negative Woken 

and =- y where - is expressed in its lowest terms> then the 

amplest' vahie oi the general power difiera from the infinitely 
miiiltiple^ineaning general power, i. e. the general power $iinp)^« 
in this respect^ that the former onhf represent one, and that the 
simplest (sect 57^) value^ while the latter expresses exactli^ all 

the values of \fai*^, 

FiiiaU^^ since the general power (simply) is ambiguous, we 
must ^' calculate^' with it with the same precaution^ Y^mch must 
be used in calculating with all ambiguous expressions, which we 
have described in (sects. 37 and 41}^ and to which we agaiti| 
drew attenticm in (sect. 60). 

If we consider e* as the simplest value of the general i>ower, 
it is precisely the natural power. But if we consider e* as the 
general power (simply), it will have an infinite number of values> 
of which the natural is only one, and that the simplest*, 'i 

We shtdl in future consider every power whose dtgfutnd is d/u\ 
htm^er e as only having one meaning, so that ii nml vdmttysnho 
the natural power of (sect. 49), unless the contrary bere8|Hresd]i 
mehtiened. >ri < /« .> 

If we now investigate the laws by which ' we inay'i be able 
to ''calculate" with these (infinitely multiple-meaning) gen/e^ 
]Jowers> in the sense of (sect 6), we find the following result's: 

(1) a'.a' = a'+Vc«^'"'+"'>»"; , . . ^^ 

(2) a' : a* = aT" . <j«c«.*+«*):ir.< .♦ - ' ^;^^ ' "'^^'^'^ 

where m- and n represent, independently of each othery ceM, or 
any positive or negative whole number; v. (,//,. (| 

(3) (f.}f^(ahy, I 1) 

(4) afib'^laihy, '"''^'' '^ 

(5) (a')' = fl".e«" S !\ :.'!'" 

where n represents zero and any positive or negative whole 
number. '/-:•:.* 

These equations may be clearly and easily deduced, frpxi^, the 
preceding definition of the (infinitely muldple*meaning) ^ener^ 
power, if we vemark that we can obtain aU <^e values of an (infix 
nitely multiple-meaning) general power by n^ltiplying o^e.9iQg)ff 
determinate value of the same by all the values of 1', th^ is, qy 
e^'^ogi^ that is, by e^"-^"-*. , 

* In the particular case that x and t are actual, we must substitute for the 
power ^i^»+nz)irJ tQ tjjg j^jgjjj jjj ^jjg fonnulsB (Nos. 1 and 2), the expression 

which is eaual to it, in order to "calculate" the expression on the right. 
Similarly for the expression on the right in (No. 5). 
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We may now draw a number of important conclusions t>i umU 

(A) The equations (Nos. S and 4) which Are? commonly 
applied, Qpkiti^ii^precisdy^l^e same number of 'vala^^a td the right 
^ndje^^^^an^, ff^m^^^eipi^y ^fiair fpplicati<m. loidsfitoiiDeaiihMftaat 
ar'e ,n^ce^x;il;fj c^r.^t^.li^^^tev^ the exponents maytbe>\«c*iialk\or 
fniaginary. " .>Tj(fnfijf> 

(B) But if, instead of the complete formulas (Nos. 1 and 2), 
we apply the usual fariftula^ which hold 't>erfettly ^r ^g/e-mean* 

a'.a' = fl'+% and a' : tf^tf, » ixlniun 

we run the chance of falling into great errors in general caU 
culations. For if we substitute A*** for a', a*, or a'"' for a* : a% 
WA Jo^eyrthe greatei" part of the Valui^ oP the given expt^kib)^^* 
md'OtHf retaiwL those which resirk fhMU putting i»r= ii'='l!^iit 
(Nos. 1 and 2). - • V ' ^•'"'^'^**'» 

(C) The case of the application of fi^rmnk (Noi S)'^''perw 
fectly analogous, if we namely employ in general calculations 
instead of this, the usual formula which holds for single-meaning, 
and ,^^e];e£pre also for actual powers, ' f' »// nodi 

and write a" simply for (a*)*. 

(Dj) Conyer^ly : if in general calculations, we «ubi^tiite^e 
product a*, i* for the power a*+*, or the quotient a* : a* for the 

Jower «•"', or the power (a*)* for the other power o", then we 
a.vei,. either '^balitiited precisely the saitie value^i as bteftif^J W 
expressions which, adthough they possess many (infitiftdy n^ily)' 
mpr^ valuta Aan the expressions for which they we^puv yet 
contain, thO'Vakiefi «if.the latter among their owii,'soHhilt "Wekt 
any rate lose no values by so doing. 

Since all this is so extremely important, and since, if ,we neg- 
lf;^;ttte6($'tfiithsi.8^ is no longer possible to calculate g^^htt^-^ffm 
^^ej^$ (or ^th* general powers simply, and we are ofteh 'rfiii^ 
ifi^b])9 to.aJVQid «o doithg^) and yet be sure of success, ^it^e WilVteiH^^ 
suly^^^ a jfew examples. ' ' -iiu/Hl 
, .firs^.JEmmple. Ifwewrfte ' /l>)H3q 

a^ ,a^ = a^^ = a^. 

then a' has three, and a^ six values, and consequently the pro-* 

duct a*.«' has ei^teen values, which afe however three and 
three equal to one another, so that there remain. oo^ stjf rej^y^ 
diflferent values (i. e. unequal to one another). Nqw the express 
sion on the right has only irvo different values, and the nmmb^^^ 

would not, be increased even if we were to write a' or «» fbr^o*. 
The above equation is therefore not correct in the sense of (sect.. 
3). But if we write according to (No. 1), 



that is^^fi^''^''^"""' ■ ■ ^ '' "' •"' "••"■'"*■' '■ ■"'■*'^' ''*'" /f"(^, 7/ 

W^^^^w ^dinriaish the argiithttit (arc>.t>y'^(/5^ 4'/^Y*^''anS write 
^>nb€cft)iM,'«ii^e mMd M mttv be either pdsitiVe'di^iJett^^veWWl 
numbers, "^ ^ f n" ' ; Vp " 

6r, since 2m ^n includes zero and evetywhoh t^bsitive 6i liegAtJve 
liumber /m, >> 

ili^^ih0 .expression on the right has also 6 values^ and those 'pt^i 
^^ the s^jne as the values on the left; and the eq0r«tioci'i9 ikfif 
perfectly correct. * . 1., ! - •/ 

^^,^,S^cmd Esmmfiie* I<^ we write ) 

then we have two values on the left and only one single valiie' otf 
the right. The equation is therefore not correct in the sense of 
(sect. 3)* But if we write (by No. 1), 

,,ltra wttAuir rt'*€ <•»+"*•»•<=== tf . tf'*'^' *== a . (K ^^+ «. S^^3 = ft . k^^^- 

Y<e h^a t^en precisely the same two values on the zightas OA t^ 

leff,,a^(itbe,i^uation is now perfectly correct. - ■ . 

VjTUr^ Eoi/ttmple, Sometimes we accidentally obtain as many 

^^l^es on the right as on the left ; for example, if we wtite ' ' " * » 

tHf[i>,vre.bave 54 values on the left, which are however threi^attd' 
Up^W. eqi^l to one another, so that thev teduoe to 1'8 really dif^'i 
fi^j^fit va^uesy while the expression on the left also represents fill' 
1 8 values. In this case we have already accidentally dbtaihieidtf 'd' 
perfectly correct equation without applying the Improved for- 
mula (No. 1). But if we write by (No. 1), 

(mu; >')'if" ■ ==^*^ *C^2(15« + 4n)ir : 18 + *» S2(l5m + 4n)ir : is],' ' '^ ' 

tKfe;*'feihfce the second factor on the right is clearly always a v^Iiiq 
of '^li we bave no more nor less than these same 18 values on 

the'^right. 

Fowrth Example. This last is also the Case in the equation 

3 8 10 

since the 24 values of the product on the right are two and two 
equal to one another, and therefore reduce to 12. 



.■t . . '■ • ■' ''' 



Fifik Example, If we take 

ire bav^ ninic values on tbe left^ which reduce to 3> wo^ oi^y^j;^ 
<» the right* The equation is therefore not correct in the t^^ 
of (sect. 3), But if we write by (Now 1) . , oH j ril 

(where the argument has been diminished by ^titr, since ^e 
values of the series K and S are not altered by so domgy) tkepi "flif ' 
expression on the right has also 3 values^ being precisely the sariie' 
aS'diose of Ihe.pitbduct on theleft* t <ft - 

Sixth Example. We will now take an example of the appli-f 
ula (No. 5\ Let us write - r ^ 
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cation of formula (No. 5) 

(a»)*«a»*«««* 

Now since (fl^)' is perfectly equivalent to iJ(A\i aiid therefore 
to' \Jefs the expression on the left has 4 values^ viz. + Ja, >**-\Jay 

•¥ija9'-ija\ while the expression a' on the right has only ^ Sf^ 
these values^ and cannot therefore be unconditionally substUuied' 



S. 8 



for («')'• Bat if we apply formula (No, 5i), we obtain 

(a?)i=ftJ.«^'* = «J(K.„, + i.Sjn,),. 

and in this result the second factor on the right has for » = 0^ I^ 
2, 3, &c. &c. the four values 1, -t, - 1, +t, and if we multipl^ 

the'^ values of a*, that is, +^a and -J a, by tbeBOj iWe,obfcs^i 
Sivaiuea^ which reduce to 4, which are {Hrecisely the sfM})fi'4i '^, 
are possessed by the expression on the left. -■ ,. > xi ,i< .-t) 

...We Aus sese that the equation (a'Y^af" may nof h^jgm^^Hy 
a^lifid^bvt that the equation (No. 5) must take its place*,. , . . j hnx. 

•: -■ ' Section 65, ^ j^, .,,^^^^^ 



proved, viz. ' r') 'oifj 

If — and - are two fractions expressed in their lowest terms, 
n V 

and we take, , ^ 2 C: 2+e «!liJ!J!t , , , i 

(1) a»,av=^an v=a nv ^ ' ' >«^a 

(2) a»:a^ = a«~^ = a nv , . ., 

then in both of these equations the expression on the |eft,iiri]l 
always have the same nv values and no more, as the expression on 
the right, provided n and v are relative prime numbers, i.e. have 
no common divisor ; and in this case the equations do not require 
the correction enunciated in (sect. 64, Nos^ 1 and 2). But if n and 
V have a common divisor t, then the expression on the right ha3 



9kiL tiU«7.] AHAsureiii nsnoBMixj gf 

only — different values^ and the formulae (Nos. 1 and 9) of (sect. 

T 

64) must i^ow again take the place of the atiove (Nos. 1 and 2). in 
ora^r't&at tbe equations may be cotnplete, and may htAd tmiTer^ 

In the same way the equation 

is, also ^perfectly correct^ and does not need the correction enun- 
ci/^ii UL (sect 64> No. 5) in all the particular cases in wliich 

— and - are expressed in thdr lowest terms^ and at the saikie 

» . IT * 

time m and v, as also n and fx have no common divisor. 



OF THB MOST GEKBBAL LOOABITHMS. 



y. 



m 

Jhe moH gemercd logarithm log 5 or h}m r^aaBentai any pi^ 
pre^sion. x^ for which the infinitely multiple-meaning general 
pb^er fl*^ that is e"*»*, =&. Hence ' 

log 6 or i'Msj-^, 

where n and v represent independently zero or any positive or 
negative' number^ and the most generid logarithm has thergfore 
an ifafitlttjr tmies infinitely many values^ among which' areeom^f 
prehended those of the general logarithm of (sect 63). - i " 
^^ tSiMe tli^ object of mese pages is only to eetabHi^ die idfeas^ 
and to prove the existence of firm interior conneetkMti and soic^tH 
tific unity in the whole of mathematical analysis^ we shall not 
enter upon a farther investigation of these most general loga- 
riOtaM, ^d that especially because the inveatigation itself is pei« 
ther very difficulty nor very profitable. 

'''-'''' ' • ■' Section 67. ' * = 

Let us finally endeavour to find a series 

R « o + 6ar + ca^ 4- da^-^ . . . 

which proceeds according to whole powers of a:, and which is equal 
tty tog(l +«) in the sense that c*= l+d?; we can accomplisfh the 



* Out idea of " eqttfttion'^ must be bereTememb«tedyaceordiag to which t^vo 
fima (expreatiOns) ard equal to one another, when the^ maf he unooaditionaUy 
8al»titated for one another, with the consciousness that by so doing we cannot 
come into contradiction with the laws of openilio& in any way whatsoever. 



solution of this problem by inefn$ pCi»^4^qf|eniUQAJki?(C9^pj[l^d^ 
a more or less direct manner ; ihat is, we can either put cUrecUy 

'V.e»*':c'*".c'"'..'.= l'-^A, -"' 

o^ t^ dAtt' ettfliiiV^ur tto find all the series R^ m^hicb b^Vfc iiDcoin* • 
njon Vith log (I'^ar)' the xjrojperty that -^ '' M.^-rrni lo" 

Ia th^ first case we find c*= 1, that is, a=x log 1 or flqS^T.t, 
ftncl beaide;! this i = l, c = -i, <i=|, e = -l,&c!&cJ. .^J.,,,,, 

In the other case we find a = 0, the coefficient b remans. 'jri^. 
determinate, and we find the series ! . , , , 

whidi; A|^eeM>ly tb Uie conditwn made in this cMe^. had; tike >^o»' 
perty of one of the vidues of every kind of logaridmn, and] pot 
n^erely of the natural logarithm- , • V 

For the natural logarithm the modulus h will be eguaj to 
unity^ so that |sincej it log (1 + ai) represents one of the values^ 
then log(l +aF)+2«7rt represents all the infinitely many values 
of log {l-¥x)\ we obtain in this way precisely the same result as 
we did in the first and more direct way. 

We might also attempt the following method of deduction:, 
making .use of the Ibinomial theorem, (which is already developed 
in (?ect, 42) ^qt b^. positive whole exponent z^ we have, as ^s sKe^yn 
in Xs^cV *2),, ... ;; '.J/' 

•'• t*il4,(ic-^ar' + Ja'— Jjr*+...) s + (.. .) ;^rf »;. -^j. if n f 
Oii the other hand, by (sect. 49) ^' ,\y)U>y' 

'■'""' ' ' iioffri + ^M« '■' ''^-'^'^'^^'^ 

-wy,(h) Xl + A?y = 1 + |log (1 + jc)( . a +JL-»Ji_^, z^-A-.Uk ouliiv 

By comparing these series with one another t, we obtain imme- 

diatdy. •,';,! .,>,,.. {>■ 

(]>),.*log(l •fa;)=aa:-iir* + ^«^-^ii?* +..*.. tt ^ 

• ' ■ / ' ♦ , ■■..'■1)1,// »ii-'i 

• For we have 

lo»(l+x)+log(l+?)=!log{(H-j?)(l+z)}=log41 + (x+^+j:?)i<..,,,,i'.. 
and, at least oonditionaliy, •,,.!•• 

21og(l + x) = log{(l+x)«} = log{l + (2x-faj*)}. 
1 l^biseompaiisofi is however not allowable^ because both eqiiatiobb doind^' 
ho7d for atit Indtitermitiate s. There is therefore no need that the result (^) shobfc) 
be la' any respect, and* certainly not that it should be generally corre<it ; anti'tlJisij'' 
in fact the case; for in (])) we have infinitely many values on the left, but on t!ri6' 
right one single i^linite series, which has the property of th^ )0|^Hthiin 'of !+!• 
On the other, hand, if we had here generally established iaind jproved the fettieriil 
binomial theorem, as it is jgiveh below in (sect. 68), the seriefe to the nght itt 



Si^ ^ AV^AmSisr ^KIR^^ABH/. 8SB 

log (1 + ^)i= ■ V, • - ^^"^'^ ^"^ ^* 

But we must not overlook with respect to this dedueti4fk^^ 

that I _ r ' • ' . . " '' '^ \ 

(1) z must big considered as Representing a whole number 

mn((9eQlu 4S^f atudiUiati therefore* tbetp^SMinttr^^mWWP. .49e^<, 
not necessanly give generally; Cf^rr^t ^e^^Uf^ cqnsqijueiiitljr, ^th^, . 
of the other two .inethf^ds ^ fo^. the mopent, to be preferred {tor 
£nding^ log (1 +. jr)}*. 

(2> That' lihe infinite serie's on the right in (jy has ohly 
the.property ifi.coioamon with log (1 + x), that if it be denoted b^' 
R, the power e* gives in tnfiniturn, with the exception of Ihe 
two first terms 1 + x^ all its terms =0. ...,..', 

(3) That this is also th^ rcase when we complete the series R> 
b^Dl^ieoiiddltito of dtd ^fierj first teraa dn «-» t> so that we .obtiaiii > \ u 
rmj^lfjM. I6g(l 45) -2«*.f+ ft- ift" + i6»^i **+...) ^^ M 

We must also observe with respect to the infinite series R' 
wmc1i"We Vve 'found for lo^(l+jr), «)at, if in particular 
casesj* where particular values in cyphers are given to "x^ iH* 
seri^s/R'', becomes divergent, it has no value, and is'inadmis^ 
sible ■ ill calculation ; but if it is convergent, it has a value,' 
which has ^h^ same .property as log (I + a:), and which will therew 
f<pfe* always be one of the infinitely many values of log (1 4- j:), 
in' casp tnJs ^single value has not been completed do as to ifepre- 
seni all the' values by the addition of the very first tertn in^ :i. - 

Now wither ^is logarithmic series be in particuW c£lse^" 
convergept or divergent, we can, as long j^s no yalue, in cyphers 
is substituted for or, that is, as lon^ as the series is still gene- 
ral^ i.e. as long as- j; is a mere supporter of the i operations, 
'^ calculate" with this series as securely as with Iqg (1 ,+ ^^ i^^^> 
although the latter has a value for aiiy actual or imaginary 
value of. Xy while the series has only a value when it is^ ) con- 
vergent. But as soon as one of the resulting series becomes, 

(o) would have had the additional factor 1*, that is, «2»»*«"-*, that is, 1 +2*Wli>fc^ 
—491^11^. z'4-... : and' if we completed the multiplicati<in of the two series on the 
right which hotn proceed according to whole powers of %, we should find in the. 
new series for (\-\-xy, when arranged according to z, the series 

as the coffi6ient of z. Consequently if we now compared the series on the right in 
the results (a) and (6), we should have the generally correct equation 

log(l4-x)=2»ir.t+ar-Jjt«+ia*-Ja?*-K,. 

H^hich^ holds for every indeterminate x that may be considered as 4k supporter of the 
symbols of operadoa, and which also holds for every actual or imaginary x for 
which the series is convergent ; and for every other actual or imaginary x is (not 
uiUrue but) inadmissible in calculation. 

* This development has in other respects^ when it has been performed with 
sufficient generality, (that is, not till after sect. 68), the great advantage of bein^ 
the only one which ^veg,,in a decided manner, the law according 
terms of the logarithmic series proceed in infinitum. 



to which the 



fbr>ipirtioalar valUflB in cyphers, muBfideal ani djfrorgml, i$f 
can be no longer employed for fmrther applications. The ^en 
maining series which are deduced from that faimd for log (1 -^x), 
aa for exanjple^ 

(11.) log(l — ar) = 2n7r.£ — jr-^jr'-Jjt'-'Ja?*— ... 

and (III.) logjr — ^ = 2»w.« + 2(x + Ja?" + ^aj* + -J'»^ + *.«) , 

and so on, present no difficulty, prorided if be kept in viem, 
(a) That we do not calculate with magnitudes (quaatit^) ; 

but^ 

(%) That all expressions are merely symboKsed «ptratioiis^' 

and must be regarded aa supporters of certain piopartie9> thact^ 

i ^ X • 

fqv Qic^mple, log- represents the property that when e i& 

potantiBted by it the resnk is •- • New the aeries jinat, found 

X ^ X 

has the same property, that is, if we potentiate e by ft, we have 
and the result is ^ « 



1-x' 
I 



I 
that «»>. (l+*)»^ ; ■.]'[" 



that is» (1 +ar)(l +a? + jp*+jc' + a?* + ...) 

that is, 1 +2a7+2a;'+2j^ + Sar^+2dr'4-Sa:'-^*.«mt^ii^t«!^ 

if the series then is convergent when numerical, and thaV9« 
fore has a value, then this v^ue has the same property, i. e« 

it is then one of the values of W^^ » But if the same 

1 — X 

series is divergent for another value of x, it is no longei^ ml^pti^d 

* 1 + X - .. t» 

ta exhibit enie of the values of log-- ; for it is altogether 

X "~* X 

inadmissible in calculation. ' .' 

The series for logarithms are employed for the purpose 6i 
calculating some logarithms of actual numbers; and they afe 
made more quickly convergent for this purpose by, for example, 
proceeding as follows in order to calculate La, where a is t^on- 
ceived as positive; we put 

La = »i . L (ij/a), which by (No, I.) 

while m can be taken as large as we please. In order that J^a — 1 
may be very small. But, if we wished it, we might employ these 
series for the direct calculation of the logariwm of any hna* 
ginary number. In order to explain this by an example, sup- 
pose we had to calculate log(P + Q.«) where P and Qare taty 
actual, i. e. positive or i^egative, whole or broken nun]lbers« Tf 



HFe tmw put (P-I)h^Q.i ISmt « in the iBTwaxdJa, (]))> and flden^ 
kle r «tad ^ firom tiie eqnalians^ 

so that j: = r . (K^ + 1 S^), and therefore ;c* = r* . (K„^ + 1 S«^) ; 
then we obtain from (No, I.) 

lqg(P + Q.«) = logl + r.K^-ir».K2«+ir«.Ka^-i^*.K4^+-.. 

+ 1 . {r S^ -ir«. Sj^ + i r" . Sa^-ir*. 84^+. . .} 

from which one of the values of log (P + Q . t) may be calfsyn 
lated when r<ly while^ on account of die very first tarm logl 
atSnir.ij we have at the same time all the values of l€|g(P4-Q.t} 
also. We might now propose a method for making the series in 
this last problem^ more quickly convergent, eg. by first ^^ 
ranging the calculation so that r may be as small as we choose*. 

These indications may suffice. The reader wiH eatfily^ pCov 
ceive that a great number of investigations might be herp in-* 
sertedy which would be interesting and would throw more Bght 
upon the views here adopted^ but which we cannot enter upon 
without being prolix^ and consequendy frustrating our present 
object. 

SBcnas 68. 

The question now arises whether the binomial theorem Mill 
holds for the infinitely multiple-meaning general powers. And 
we find that it is still true for these most general powers (i. e. 
for those powers which the author in his Instruction-Books hs^ 
termieKl ^'general powers" simply) provided we give it thd ibtm t 

z^i-i ;g8i-i 2*^-1 

(l+a?y = l',{l+;&.a? + -^.a?* + -yp.a?»4.-^.a?*...} 

So^tha^ by mean« of the factor 1', that is, ^^^\ that is, t^'^'^*, 
it represents precisely the same number of forms on die right, 
ttB (T-^^y does on the left; and this equation hcAds- untemdi* 
tionally, as long as x is still general, and therefore also when 
the series is convergent for ]|^articular values of x, whUe the 
same series (like £^11 others) is quite useless when no longer 
general, but numerical and divergent 

In order to prove this we begin by denoting the infinite series, 

J^ai-l ;53I-l 

(1) l + g.g+ ., •«* + -T-7- .«* + ... 

which is conceived as existing for any x, and any £, without re- 

— »i^»— ^—^i— — — — — — ■ ■ ■ ■■———»— I— 

* Since tables are already calculated in ^hich the logarithms of all positive 
numbers are contained, the method given in (sect. 58) for finding Iog(r + Qt) 
is for any practical purpose to be prefened to the present one. We only wanted to 
i^ew that thia way could be chosen. 

t The expression s*'' repiesents a product of n factors, the first of which h x, 
and each successive one of which is f<Mrmed from the one immediately preceding by 
the addition of d ; that is, the product z(K+d) {z+2d).,.^ +(11-^1) d^m 



gg jvKjAbvsDMiTiNnomm:^ > i€^.¥p. 



|^fQJ|mpntb<!liieit>&tdi^»te lAinot liqual ta'lh^ j^wtt {l^^hyS by 
^^ and then converting it by the process described in (se£lttMl8) 
into a series proceeding iiccording to powers of s, ivhiehlxkiay be 
represented by / ., . • , 

or R,, so thatvwe have 

(3) /.= R.. : I 

Then we provid by > simple^ muhiplfeatioh (as £i^#«dii!)/'thl^^ 

and conclude from this (by means of equation No. 3)> that < 

(5) R- • R-, = R.4.„ also. 

- Now from this last equation it folio wSj ^a has b^en ^Ir.e.adj 
shewn (sect; 49), that , . : , , . ■ ■( 

' ■ Y • V 8 V * ;, 

{p) X2 = -gT> ^3^iT^ ^*=" IT"-- .. .'' uir 

That is, that X$, X3, X4, &c. are infinite series whidi^^^tt^a^^ 
according to powei^ of x, and which are obtained by poteittiki^h^ 
the infinite series (proceedii^ according to powers ^jp^. X,,''by^ 
^>fa, 4, &cw respectively, and dividing thfe results ' by «!, «!l*4!^ 
&o«> rec^ectrvely. Now the series Xi is found fWihi the eqt^tftf^ 
^^Ra» by sabtracttBg tiie 1 on both gides, dividing bylr, «n(P 
iiodlly .putting.;?*: 0. This gives ' ' '' \ ^ - ) 

that is; by (sect. 67), , ',;, ;,;;,,,,, 

.,^,, (^) . . . . x,:^Lg(i+j:) ,1 h.a 

iihy.J^g (I + ^) we mean one of the forms of theciiatiiral kgnrithm- 

By the equations (Nos. 6, and 7 or 8), the coefiicieiitS' ^f^th^ 
s^^9 Ji^Opi^j (or IXg) into which the series Nowl, (pBifJyMatffi of 
lH}iWi;UAO$formBd, may be found in infinHwp^.tihU^vtw^ iMnef^ 
pr^^ilt^i'PQrfefQtly ignorant of what oliher- expreBsidiit /ttibca^nei^ 
^•9'th (^/«). i« equal to. . /i»"» o) rioiJoi/ 

rli.^' .i,..i.. !, ; ■ t fj [M il. . l,'>t(^<)I)ij 'j'l'jfi 

* By tmiltblyuig tho two series B, and R, we ob^n, s^ r^^, t4^f€ife$inb9lM 

' Then itwei take the series B«+y, that is, the deiies^'Wbo^ jj^^tiehil %ri/i' ' Ik' 
Xp(s + 2^V, and develop the power (z + y)* for tie idiffemali jvtfinci^'iif /p(^)3oi: 
that we find 

; ,, ■ ,.1 , m: «! ^ , .•,. f. I /'I -Jill 

for the g^nef^ .tmf\ of.^l^ sepjM; a^d compariog tlvQ ^rpu»^,iQn i^ccou^, oCill^/ 

{m-^n)l ^ V V . -If* ..!♦ 



fn: n! 
or for n s 1, ? , A r, 

for any whole number m. >- ' ^^ * ' ^^* 



vrf Aq^ ii<nf>i4»ii<itb& lather haii^ bytfae'deShi£oroi(^ftfa^?^lfi&i£r^ 
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th||fcfifl,r$Jnce Rk^^i (Nd. 8), perfectly gBnercdly, 

(1 + x)' =:^. 1* .Jf;, that is : ^ 

which is the binomial theorem for the infinitely multiple-meaning 
general power^ and where x and z are considered as perfectly ar- 
bitrary^ and mere supporters of the symbols of operation^ and may 
therefore be just as well actual as itnaginary. 

The whole proofs however, only shews that the infinite series 
jfepre^pteid by (1 + a?)', that is, by e*.iog(i+^) may be transfbrnied 
ki,tOrtbe> otb^r. infinite series, which we term the Binomial Series 
generpilya ^reeably to the laws of operation. 

■ : If we omitted the factor 1* on the right hand in (©), and 
th^ne({arQ selected the single form^ from out of all the different 
t)nes, thjsi would of course only express one of the Tblueis of 
(1 +-^)*; we should then certainly have to investigate wh^it value 
it is, and we could not therefore assert without further considera- 
tion, that we should thus obtain the simplest value . of {1 +fJ?)% j^Jfr 
pressed by e**^<^+*^ '^ 

But if X and z are actual, and the binomial series y^ at the 
SKMiie itifD^ ' eoiitwrgent, there is then no <loubt that the vatu^'of 
.this binomial series j^ is always the simplest (viz. the actual) ^£ilu% 

i(; We>have hci^ then exhibited the binomial theorem in*dts lUiDf^ 
^i^ieml fvriaii^ and furDved it wit^ perfect generality, condu^^hg^ 
tb0|M?oaif{wilibi«achiCare, diat it must necessarily convey full ibolit^i 
viction to every reader who in other respects admits tli^ v5eMr^ 
here adopted ; and we thus of course stand in contradiction with 
the celebrated Cauchy and all those, who only venture to apply the 
bitt^imiai' theoi^etti, i.e. this development of {l+xy in tl^pilc^^ 
that X is no longer general, but has i^ready received an actual 
y^li^.in j^pher^,.apd is small enough to inake the binomial. series 
avcqii^vergeilt^iuim&vical) series . , ' \ 

SBcnoN 69* 

The expression S, (sect. 50) has for every actual or imagina.ry 
value 6f 'j^'Of* the fo*nx' j? + y i, always one, and tievei: ttipre than' 
one value, which is also of the form p. + q%. The same holds for 
the function K, (sect. 50)^ The quotients. 

S, K. 1 , 1 
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-^MiAiMn akortfiiliottoos of. ^, «bd &«v«l almifyt one, abl 
more than one actual or imaginorjr vakie, mxj now be repiiLiitHklil 
b^-the particular symbols^ 

"' ' Tg^ Cotg^ Sec,, and Cosec, 

respectively^ and introduced into calculations. 

Converse^ ; if we put S, = z, that is (by sect. 5}), ' 

0) -11-=*^ n 

then yi^ find &<mi this eq^tion, 

and tbereforse, 

(S) dr = i.log(-gr.t±^i-s») = ilog(«fc,yr^+i.SJ, 

that is, we find from this equation (No. 1) twice an infinite num- 
ber of vatueB of j; (if we may so q>e8k), since the logaiithmand 

2 J± Jl—s? has two values, and an infinite number of values of 
the natural logarithm exist for each logarithmand (sect. 58); sr^ 
since all these values of x derived from (No. 5) actually satisfy 
the equation (No. 1), as we find by substitution, the equation 
(No. 3) gives all the arguments (arcs) x belonging to o, = z, 
whether z, that is S«, be actual or imaginary. But siucp w« 
find all the values of log^, by adding all the values of log 1 
or Znw .% to any one of the values of log hg which may be de^ 
noteciby Lg5, we have also 



(4) X = Zmr + T .tig (z .1 'h ^i -jg;*). 



where n denotes zero and any positive tnr negative whole numbec, 
while Lg has two values, because the logarithmand is double^ 
meaning. 

We term any such value of x the argument beht^iigr iQ tf 

given S, or z^ and denote it by ^ Zy and therefore express the 

equation (No. 4) thus also: 

(I .) g z = ^ . log (z . i *fc Vl-s*) 

= 2»7r + T^.Lg(j8r.»«fc ^1 -2f*). 

11 1 

If we now denote by gjsr, ^2, — --z, the infinitely many 

*. In Geometry* which has to be developed after Analyns, it is Bhewo tb^t 
whenever S« or K, is actual and (absolutely) ^1, the wgwnent x always 
expresses the arc of a docle whose radius is s 1, and whose abseissa and onU- 
nate taken from the centre of the circle are S« and K«. For this season k is 
generally usual to apply the name of » part to the^whole) and to denote by tiie 
word arc that which we have just termed argument* 
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dbtain ia precisely tbe same niaiiner : 

(11.) ^x=:lAog(z^i.Jl^ = 2nv-^j.I^(2^i.Jv^ 

(III.) ^a=g..iogj^:^.=«^+^^i,gj-^:^.. 

in all of 'which formulse n represents sero ^ any pesMve -or 
negative whole number^ while Lg represents any one, but only 
one, of the values of the natural logarithm, and s has .any (actual 
or imaginary) value of the form p-k-q.i. 

The functions of z expressed by the symbols ^ jet, -^ z, 

1 1 

m^z^ and ttt^^ ^re therefore infinitely multiple-meaning ioga* 

Ttthmic Ainctionsj while the functions of x represented by S^, 
K,, Tg«, Cotg, are always single-meaning exponential func- 
tions of X, single-meaning, because they only include the (single- 
3tneaning) natural power.t 

• We have by (sect. 50) : 

(1) ^••«K, + i,S,; 

' '•' '. (2) e-' = K.-i.S.; 

therefore by dividing (1) by (2), 

and thence alsQ, 

/4) o,. 1+i.Tg, Cotg^-j-i . 

• ^^ ~l-i.Tg,""Cotg^-.i' 

whence follow the formulae (Nos. I— IV.) 

t We find afterwards that if ^ « only represents one of these values, 

1 _ 1 s|; 1,3 s» 1.3.5 %l 

s'*"^"*"2-3'*"2.4-5 + 2.4.6-7 + - 

or, if we put g z = x, so that S, = z, 

1 z» 1.3 zf 1.3.5 zj 

where x represents only one of the values of the argument x belonging to the 
equation S« = z. If we now solve this equation (0) with Tespect to z, so that 
z may be expressed in Xt then since it has the torm of an higher algebraical 
^q[iifltioD'with respect to z «f an iodfinite degree, it may tkerefbve >cive infinitely 
many values of z. fiut if we concluded from this circumstance that S« would 
therefore have infinitely many values for one given value of x, we should commit 
the same error, which was remarked upon in the Introduction (Ans. to Quest. 2, 
(47.) p* 7), i. e* we should convert a general proposition genemlly, wkich is 
against the laws of logic. We have namely found the equation (0) in such 
a manner as to be certain that whenever z represents the seties S« , the equation 
itself ie correct ^identical). But from this we can only conclude, that: Among 
all the values which when substiluted for z, satisfy the equation (0)^ that one 
must be included which sBi». 
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Now by (sect 67^ No. III.) we can transform the logarithm o( 

1 + xi 

s into a series proceeding according to whole powers of ar, 

and by this means, the above formula (No. III.) i» trassfemned 
into 

We may employ this formula for the purpose of calculating 
the number w, which we defined above (sect. 53) as the least 
positive number for which 

Sj, = 1 and Kj» «= 0. 
We calculate namely from these and from the formuke 
(sect 51, Nos. VIII. and IX.), viz. 

by putting \ir for v, 

Si- = i >/2 ; Kj, t= i ^2, and therefore Tg|, = 1, 
and hence from (No. V.), 

while one of these values of •?«- 1 is the number iw. 

Now since we already know from (sect. 53) that \v lies 
between 1 and 2^ and that therefore \v must lie between \ 
and 1, we easily convince ourselves that we must take » =sO, 
in order to have that argument which is expressed by \ v, since 
the value of the series l-J + i-i^+ &c. itself lies between \ 
and 1. 

We pass over the means which may now be employed In 
order to express tt by a more rapidly converging series >{liy 
putting a smaller value for 2 in (No. V.)}, since they present 
no ttieoretical difficulty whatever. 

Section 7^« 

111 1 

But since -^x, =^ar, r^ x, — -— *r are infinitely multiple* 
o Jv i^ cotg 

meaning symbols^ we must calculate with them with the same 
precaution as we had to observe in calculations with many- 
meaning or infinitely multiple-meaning powers, roots, and loga- 
rithms; i* e. we may not, e. g. put 

generally, since such a substitution is only allowable when the 
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'"■'• ■■\'-'' ■ ■'■: . ^ .-^ u-^.- .-.'. ../ 

fii«]^F =x in each of the products on the right, it one an^l the 

'MHR)'tlutii^iekcaauDoafai»(«t i>^ wh#i>: 3^..^riW^AfQ^ ^^ 

one and the snme of its values. ' ' ' 

The formula; whkh are generally «mplaji,ed Jn 'cal^nJAtions 
with these functiona, namely the fonnul»: *- i 




must all be further investigated, in order to see if' they are really 
correct eguations in the sense of (sect, 3) or whether they re- 
quire correction. ■ ■' ' - ■ - ■,. .-.i ;., ■, ,,,: ., 

-■).! t^'^.-jI'S'*^ ""^ examination we find that: 

I „.fii) )Wi|al l thie combinations of the values o 

.andL-^l-js^-in thcibrmulae (Nos, 1 and 2] on 

itaken^-theiwi will be more values on the right 

laodtifiMe-dldinot cbuse to take all the o 
values of these roots, the expression on the 

rBnA-i3)I^|((wld'|on/the one band nat have v^l 

fl;esMiHi,'Oa du leH h^, and on the other. 

iMWwe T^hirfi do .«o( occur on the left. 

Thus if we denote the argument (arc) on th^rffiht-'in^p.'^) 
by ^, we have '' " • 

S^ = xjl-i' + zjl-x', and therefore, either 

,|.|.:brr,Kfthr,rh**-*-VO --0(1 -«■)!■ , ' -.■- ,„;| 

^he expression on the rishf in (No. 1)' con&ins then all the 
'^gument's (arcs) which belong to the first value of K^ ^t^'alnj 
all that belong to the second value of K^, whil^ the siinion the 
lefl only gives those v&lnes which correspond (o thit!'&A ■ni«e 
of K^. Similarly with (No. 9). The tWd eqtiatidnfa <Nosi 1 
and 2) are therefore'noj correct equa|Jona in the senae of (secL 3), 
and must consequently not be apptiad Without the greatest 
atutH*» ,i.!,,»„!li. ,1,, ■ , ,, ,„. ,„, , , , , 



ge iVivMis ii^)erbW^L [t^A.v^, 



On th)?3X3eiiUr/ity7 tEe aqi^a^Qjaa (Noa lIL-r-3fI.) proi^re to be 
correct equations^ have precisely the same numlSer of values^ 
and preci^9lj;;;th^ same iFi^iies on each side^ so that the .definition 
of (sect. S) (according td wnieh^ oquaVexp^^ssSona are thbftie which 
ma}f ,t>^, Y^^.9o?^^oi^y substiti4e4 ^or eac^ other) is fulQl^ed. 
«Lf|t v« npw consider the following e^u^tionj? yrhich frequently 
oecvuriot ti)e f^^icatiopfi of analysis : 



'T i 



(3) s'^^'^n^^r 

(6) 1^--L ^/iZ?. 



I - 



'*'^,'. ** •' I • 






t 
1 

1 1 






We find upon an examination into the correctness /ir ihc^- 
rectness of these equations^ that we must replace them by others, 
writing 

rVIiy'.i'(l^) = l JT^, for (No. 3)';: '" , ', . 

,., (IX,> ^(**) = g.>/l-**' for (No. 5); . '. ^^i^rf'j 
(X.) i: (* ,) = ^ , NLL_f: , for (No. 6) ; ->. .cf..^«|,■ 
in order to obtain xiorrect eqnstions idiidr :are applicable in 

. EqiutioBist <(^o6i^ 1 -and d)» fiailllyi F^MffjiWe^iViirid vfe^^i^^ 
cqrre^^^ will >e i^ jtranafbnned into^.corredt equ^t^n^ Tf.hich 
may be applied i in general < caIculati^E»U' 3y;U)^ pei^ci^ /s^^ 
respecting tne ivsuik^ by wfklng' thifcm'^t]id94i< j>j i ^ v = -^ j^. 



' "/ ^' ' ^(*fcar)4-^ ("fainter a {*^l>-w«i!+/3J^tI.»^ia:'^u!. • 

The equations (Nos. I. — XII.) here, exhibited may te' there- 
fore applied in any calculations however • ^efjiefkl; Wiifh • the 
certainty that they can never at any time l^ad tooontf^ffi^tidns'*: 

In all these formulae x and z are perfectly general, and may 
be just as well actual as imaginary. ,. ^ .. 



Section 71. ' ' 

In conclusion we shall make the follo wing rematfca : . 

(Ij There are functions of x (as ^aa?*+ 6« + c when a is 
negative and 4ac> 6') which have nothmg but imaginary values 
for any actual value of x. 

(2) There are functions of x, which always assume i maginary 

values for €very actual value of x except one, its p + ^- (x — of 
whic h is actual for the single value x = a, Ofr two, as 

P + hj- (j? - «)* (« - by> which is actual for x = a and also for 
jr= 6, or three, as p + J— {x - ay(x - by^a^-ey for ^ i= a, j» = 6, 
and ^ = c, and so on. 
• Xh) We can also conceive functions 6f the 'form" ' "'^'* ' " 

or /, + >^, . ^- (or - a)" (j? - 6)", and sp on, 

which also only become actual once, or twice, or^o on*, for all 
actual values of x. 

And in the same way we can conceive infinitely 'inaii3l exceed- 
ingly different forms, containing x, and therefore ciflled functions 
of X, which are given implicitly or explicitly, in finilte form or in 
the form of an infinite series^ proceeding according 1^ tHe'iiowers 
of any general letter, and which enunciate the most different 
properties. ' / 

(4) Ail these functions of x can be transformtd into series 
proceeding according, to powers of jsr, where st represents a 
determinate fiinetion "of x; and with these serie^^i as wfih the 
functions themselves, we can always calculate Unconditionally 
and securely, as V>ng as « is conceived as perfectly ^efiei^aj^ (as a 
mere supporter of the operations) and fve'only appj^'suckjormulcs 



^p*ii^ 
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* The inifiQsfeq^tiims htrf nMt>ow4: «9et 9«iily •wi4e.li^y..9*]^^^|4ti^g;^i0^ tkt 

«yi^bol8 '^, ^'; and ~ Ut^iegaftitlitaic A»tnr<«ci^/Whto is2m.l0 iaken 

only to apply tHobe* formulae 'in c&tculaiih^ With ligafitttajs Whit!! ' havi been 
ascertahied b 'be'^en^fmlly ^h«^tj 'dc*g*«' n^ito>iatol9iitho-4k;<i|ftct<lorinak 
log (a») s 2 log a, but \hfkfukte^l%mi^^}mi»^\iy* ^VfC/C^pX ... 
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tit our calculations as hold generally ;* that is^ such as have been 
examined in the present essay^ and either found correct^ or com- 
pleted. . y I ( I / 'f '.' ■ * 

(5) Next^ continuing^ <mr anal^sii, ^e 'encounter expressions » 

called definite integrals, or expressions compounded of such de- 
finite integrals^ which frequently represent what are termed dis^ 
continuoms Junctions, Tt'cfm ^hu point we must distinguish be- 
tween (a) contintums and (bydisi^ntinitous functions^ and designate 
by the former phrase^ the expressions that we have been hitherto 
consddcri^;''!. e. ^Jhrms Which afrise ftota symbjdited Sidditioxiy 
subtratitioib^ niultiplication, division, potentiiation, radlcation, knd 
logarithmatibn^ repeated atiy number (or an infinite number) 6f 
tim^^ prbH^ided omy that the infinite series pi'<!yeeed vd injitdtum 
according* to a determinate law, and also accohlhig to the po'tirer 
of a genel-al' letter of progression. '- 

, ' (8) For these continuous functions^ therefof e holds the taicon- 
ditional general calculation, that has been taught in the present 
Essay,' HI whidi we have not to regard the conver^^hce of the 
gen^i^aj ihfitut<s series, nor the significaticm of the several 4dtferd, 
because this calculation has only to Ao (sect. 6) Wit^ geri^al e*- 
pressiond, i e. only with symbolized operations, i, e. (A^ ^ilft 

jorms. 

(?)' 'W?tH reference to so called discmiiikudAs fHW^tfefts, and 
generaJiy wifih reference to expressions wtitch -do taot a|ipea^ "till 
9 mare a^ywf^.^t^g^ of analvsi^ we must n^c^i^fvriJy wi^dt^fpr 
their appearance; and then the analyst's duty is to exhibit as 
atttkfac^tf a ^^^eory" as possible of these tie^ pkplMunena. 
And fot dii^ p^Tp^e die anmor has destined d. sisemid^'Msis^^'&S 
about tH& sbn^' size M f^e present. . » ^.< jui: .-. 

We ^jftall^'etoploy the' space which we have left- tdr* shew* )hp1v 
die doMriiie'4^ the fotms hitherto developed^ mky te'applieditci 
the cwnpaf'tmt* 0* Tmgmiiud^s. " -* '^ 'i'-* -^ 

», -• •♦nri"'- :.' ■ - L - - ^ '/'\iVjh> 

' •» ThW/if Ve ^isli to calculate correctly Mi^ powers U 5V?H«w«' W* Mkf W^ 

' ' '- ■V.'(i*=i&*^*, and ^^a— , and <"«»)•=« rt'» ,■•• » 'if" ''•' 

because they do not hold generally ; but we must in their stead employ the correct 
(i. e. the completed) formuls giveft in (sect. ^). We notice this error once more 
in particular, because it is so much the custom to calculate generally wjitjj jsowers 
according to these same /ormulae, which were found to hold for parti9ular $ingle- 
ih«iniu'g powers'.* Otherwisfe, as we have seen, these formnke of j^oWers ^rh not 
the only ones generally received in the art of calculatlBgwi^lsttfiaji whi^hidd 
H0tjh.9}i.gei^|fi|ly^ , . ^ ?.. ■ ^ 

Is ' 
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OF MAGNITUDE& 

Section 72* 

(1) If magnitudes are to be compared by means of calcula- 
tion, they must be expressed for conceived) as denominate numbers, 
which are referred to one ana the same denomination. 

(2) Now there are oriffinally^ i. e. in reality^ only deno« 
minate whole numbers^ which can be reduced however by the 
multiplication or division of the indenominate numbers^ to lower 
or higher units (denominations), e. g. feet to inches, or inches to 

Jeet. 

(3) In this last operation of division we do not always arrive 
at whole numbers, and this shews e. g. that 5 shillings or 17 
shillings cannot be expressed in pounds. But in order to be able 
to reduce denominate numbers in general, i. e. when they^ are not 
yet determined and given, to higher units (by general division of 
their indenominate numbers), it is not only allowable^ but it is 
absolutely necessary, to introduce broken denominate numbers, so 

that we understand by the broken denominate number t^ the 

u^ multiple of the b^^ part of the denomination (unit) £. The 
ironsequence of the introduction of the broken denominate number 
is, that we are enabled to transform lower units into higher ones 
(by division of their indenominate numbers), without having to 
take into consideration whether the quotient obtained by division 
is equal to a whole number, or is and remains a quotient per se 
(merely a symbolized division), so that this transformation of 
whole numbers can be performed in safety, even when they are 
still entirely unknown; while, conversely, every whole or broken 
denominate number may be reduced to a lower unit by multiply- 
ing its indenominate number, — as may be easily proved. 

Section 73. 
We now define: 

(1) Equal magnitudes to be such as may be expressed by the 
same denominate number. 

(2) The greater or the less magnitude to be that which is 
expressed by the greater or the less (positive, whole or broken) 
indenominate number, in the sense of (sect. 23), (always upon the 
hypothesis of a common denomination.) 

From this it follows that very small and very great magni- 
tudes are also expressed by very small and very great indeno- 
minate numbers (the latter conceived as in sect. 23), which are 
referred to a determinate denomination (unit). 

5—3 
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• • ■ Section 74. ' 

' Magnitudes allow and require — 

(1) A ooojoining of two or mcwe so as to form a new and 
greater one ; 

(2) A removing of a part fi^m a whole ; that is» of onei mf^ 
nitude from a greater ; . ' • . 

(3) A multiplication of one and the same magnitude^ e. g. 
as when a magnitude is taken n fold; finally ; < 

(4) A separation of one magnitude into a number^ as n, of 
equal parts. 

We express the result of the first operation as a denominate 
nufl^a*, by adding (in the sense of sect. 3) the tndenominate 

S whole or broken) numbers^ and referring the sum to the same 
[enomination. 

The resuh of the second operation is obtained by subtracUng 
(in the sense of sect. S) the sndenominate numbers. 

Hie result of the third operation is obtained by multiplying 
(in the sense of sect. 11) the tndenominate (whole or broKen; 
number by «. 

The result of the fourth operation is obtained by dividing 
(in the sense of sect. 11) the indenominate (whole or broken) 
number by ft. 

All upon the hypothesis that we have common denomina- 
tions or units throughout. 

In this manner all problems of magnitudes are reduced to 
operations with zmienominate (whole or broken) numbers in the 
sense of the preceding chapters^ and consequently all that has 
preceded respecting numeric forms may be here immediately ai»d 
directly applied to the comparison qf magnitudes. 

Remark. This exhausts all the problems which can be pro- 
posed in the general doctrine of magnitudes. For in every pro- 
blem in which we have> from Uie given manner in which things 
are connected^ and the magnitude (quantitas) of given magnitudes^ 
to draw conclusions respecting the magnitude (quantitas) of yet 
unknown magnitudes^ the whole turns upon our expressing given 
magnitudes as given denominate numbers^ and the unknown mag- 
nitudes as unknown denominate numbers (i. e. as denominate 
numbers, in which^ although the denomination or unit has been 
already assumed and is therefore fully determined, the indeno^ 
minate whole or broken numbers are still unknown, and are there-* 
fore for the time denoted by x, z, &c. &C.4 or more complex 
expressions in which the unknown numbers occur). Now after 
we have found two different forms, from the conditions of the 
problem, for one and the same magnitude, (i. e. for its tnde- 
nominate number,) these latter must be eaual to one another (in 
the sense of sect. S), and thus we obtain tae equations between 
the mere forms (titdenominate whole or broken numbers), which 
constitute the statement of the problem, and which have afrerwards 
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to be solved with respect to the unknown expressions which occur 
in them^ in order to obtain the values of the unknown expressions 
which satisfy these equations. If these alsi^ satisfy ^the'reiualiling 
conditions of die problem (at the head df which Mnnd< the con- 
dition that these values be neither negative nor imaginary)-, we 
shall have foond the required cndenominate whole or broken 
numbers^ and therefore also the unknown denominate numbers, 
i. e. thd unknown magnitudes.* 

Thus much concerning the general doctrine of magnitudes. 
When we afterwards proceed to magnitudes of space, and 
treat of curves, and among others, the circle, and propose to our- 
selves the problem of expressing the circular arc x in terms. 6£ its 
ordinate ^, for the case that the radius of the circle = 1, we shall 
find between x and i/ the equation ^ = S«, where S^ denotes the 
determinate infinite series in (sect. 50). In the 8a»e way it is 
found that the two series Kp and Sp treated in (sect* .50), repre- 
sent, (whenever ^ is the length of a circular arc in the circle 
whose radius ^1), certain straight lines placed in the circle, those 
namely which are pointed out and treated of under the names of 
cosine and sine in so-called elementary trigonometry. 

The sine and cosine of so-called elementary trigonometry are 
consequently nothing but the values in cyphers of these general 
expressions in letters Kp and Sjs, for those small and positive values 
of /9, which express the length of an arc in the circle whose radius 
is = l. To rise from these values in C3rpher8 to the expresi»ons 
in letters, was a problem, which we certainly find solved in the 
faistc^y of mathematics, but which, like all those problems where 
tfae^brm of expressions is to be discovered and concluded on from 
mere values (in cyphers), can never at any time admit of a 
perfectly satisfactory solution. 



* We might also introduce negative denominate numbers ; it would however 
soon be found that their field of operation would b« very limited, tod that th^ir 
introduction is productive of much disadvantage, and of almost no advantage 
at all. 
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sitbrt^ rlgoroud, and easy System of Cyphering, for the ti^i of 
Sfchoc^* pp. xxxvi. 111. Maurer, Berlin. 1818. ^ ' ' * 

- j^. YiprffjLph efner icurzen, gruadickeu und . dfuUichfin,../n/uch 
N^^ima)hemai,ikem verstandlichen Anwwung I0"^14ijabrfgf 
K^^of^ifu^p^n^m kichten, griindichen und wi^en^ft^lioh^', 
Stuaiifn^ d^ Maihismatik fdhig zu maeben. An a|;teiR[ifrt.al?r<ii 
stipr^ <r^j9ra^su .and dear method^ intelligible to |;i90L-.n|i^t^. 
maticians, of making school-boys of from 10 to 14 years. ipf ^g^ 
capa]^ pf,a .i^gprous and scientific study of mi^h^malics*; an- 

Snded as an Introduction to his works on Elempn^ry ,Mathe- * 
atJcs.'* pp. xxiv. 160. Riemann, Berlin. 1827- '. ' 

,iv$^,nJSilesimitnr''Za}denlehre. £lementa of tba .l^QQtf^M ^7 
If jimbfafs (AJlgabra) for the use of Schools and Cc^^e^laHdcftmt 
s«jf4nstruQtio9* with an appendix containii:^ a sketi^h -oful^; 
foimdat^ons ,of a General Doctrine of Magnitudi^s.. ' pp.^xxii^ ^34. 
^^Wi^^ f^»^^ Erlangen. 18l6. ,.. , ;,,,^ . , /.^^^^^^^ , 

a.f. 4i Bie Aeitu Elewteniar-Mathemmtih EihaaMtots^bf i^Pito^ 
Mathematics, intended for middle and upper Schools, and fortsdf^ 
instnnitidifr, with a very great nnmber of ^xaknplei. 0'^ Vt>Is. 
Second Edition, Jonas, Berlin. 18^4. '< '^^ •: I .r»Joi'D 

: ^ Vol/ I. Also imder the titles Arithioeti^'*as«fai^'is the 
higfaier. equations. pp« xvi. 476. -i \'i ...f * 

* Vol. II. Also under the title : Plane Geometry^ iogeiiheif 
withuhe continuation of ArithmfitioiyaJiid Plaoe and Ana^trcal 
Txl^onpm^tl^y* j)p, xU. 436. . r , 

* VeL III* J^lso jander tb? title ; Si^lid Geppa^try^ inoWdiiig? 
Spherical;. TrigonfKp^trjf, D/jacriptive;$ieqn>etr);, JPr^^etionif^' 
Shadows, and Pfi^peietiYe.,. , pp*>ni., 34iO, . . nj .1 j vj .n. \i L c 



LIST OF PROF. OHM*S MATHEMATICAL WORKS. 

5. Die analytuiche und hbhere Geometrie in ihren Elemenien. 
Elements of Analytical and l^^pheif G^ometry^ with especial regard 
to the Theory of Conic Sections; for his Professorial Lectures, 
the use of Universities and Self-instruction. 

Also under the title: Exercises in Algebra^ Geometry and 
Trigonomjjtry,. n^der the name o^ -^nalyticiil K^efvjetifY ; a con- 
tinuation of'tKe Elements of Pure Mathematfcs. pp. xi. 370. 
Riemann, Berlin. 1826. 

6. Versuch eines vollkommen consequenien Systems der Mathe^ 
matik. Attempt ta£t' ^ potfectly eonsieqaentiri* System of Mathe- 
matics. 

Vols. I. II. Also under the title: Instruction-Book in Lower 
Analysis. Second Edition, ILiemAnn> Berlin. 

Vols. III. — ^VII. Also under the title: Instruction-Book^ in 
Highet Analysis. < Riemann, Berlin. 

* Vol.1. Arithmetic and Algebra. pp.xxxiv.418. Anno 1828. 
Vol. II. Algebra and Analysis Finitorum. pp. xxx. 455. 

Anno 1829. 

VqL III. Difexential Calculus, pp. xxx. 285. Anno 1829- 
Vol. IV. Differential and Integral Calculus^ with 54 tabl^. 
of Integrals, pp. x, 234. Appendix pp. 99. Tables pp., Si^^ 
Anno 1830. 

Vol. V. (pp. XX. S76. Anno 1831). Vol. VI. (pp. xli. *67, 
AtitiS IB&zy: Vol. VII. (pp. x. 208. Appendix pp. 1 59- i\titto 
189B). €c^tinnktion of the Differential and Integral CaftfiilUsi^ 
Differentiatl''Eqiiations, the most General Doctrine b^ Maxhntf 
and ■ MlntoA (Calculus of Variations), with a great ntmibef of 
exAloipfes: '' ' ■ •• "• •-' ■ '•''-'' 

* ♦* ^iv6 motie volumes are required to complete thfe iKft^W ^ 

7. Die Lehre vom Grbssten und Kleinsten, The t)octrine of. 
Maxima and Minima, with an Introduction and an Appendix^ 
tUfe §6t*iti^'iSGntmhirig the necessary propositions df th^' fiMfferen- 
ti^tabd^ImngM Calciulus, and the latter a somewhat mote getmkY 
Ctfl^ulfts dr^^iaticttfs; pp. xviii. SSO. Riemann, Bevlitl; r«dk< 

^ ' * 8': ' 'L'^Vbuti der ^Meckamk. Instruction-BooK fn ' ^Me^J 
chanics, together with the necessary Doctrines of Highef Analysis* 
aodf^HighoVf^tooin^try, wiih vary numerous examplee; Bnstin^ 
B#riin».)t lif^K. .. '•..'/ ,^ ■' ■ v-, liytr 

^l(f. Vol. .IvriMediaincs of an Axam, with the Genejoik intaafu 
duction. pp. xvi. 475. Anno 1836. \ i* • v 

>!{f -VolilLStaticA^ ar Rigid System. pp^xiv»490. Anno 1837. 

* Vol. III. Dynamics of a Rigid System, ppw xi^.'&40;'^ 

' *?gL- Def' Gdst der maikematischen AtiafyM;uivd ikt' V^' 
MUniss zur Schule. The Spirit of Mathei^titM Ati^ly^^ atid' 
itarelaf^idtt C6 » Logical System^ ind^ndkl' alito lis A^^rtdii and 
Cbmiiic^taty io Hi«f 'I1Mtriic«i<mHBddki^. p^: ^ Vli > 1 59. ^ ]>finck«f ^ 
and Humblot, Berlin. 1842i ' {The [p-esevit n>6m) ' «' t . 



LIST OF PROF. OHM'S MATHEMATICAL WORKS. 

10. Aufsdtze aus dem Gebieie der hbkeren Mathematik. 
Tracts upon some parts of Higher Mathematics, pp. ix. lOS, 
Reimer^ Berlin. 

11. Zwei Abhandlungen, Two Essays: (a) Communication 
of a new analytical discovery. (&) Means for forming a more 
correct judgment of the works of Prof. Dirksen of Berlin, pp. 24. 
Jonas^ Berlin. 1831. 

* 12. Lehrbuck fur den gesammten Maihematischen Ele- 
mentar'UtUerricht, Instruction- Book in the whole of Elementary 
Mathematics^ for middle and higher Schools. Third Edition, 
pp. viii. 232. F. Volckmar^ Leipzig. 1842. 

* 13. Lehrbuch der gesammten hoheren Mathematik* In* 
struction-Book in the whcue of higher Mathematics^ for the use 
of the upper classes in superior Schools^ and of the Univer- 
sities^ also for self-instruction^ with numerous examples. Volck- 
mar^ Leipzig. 1839* 

* Vol. I. Analysis Finitorum or Higher Algebra, Elements 
of Higher Geometry, the Differential Calculus, and its applica- 
tions, pp. xvi. 476. 

* Vol. II. Integral Calculus, Calculus of Variations, Calculus 
of Finite Sums and Differences, and its applications to Geometry 
and Analysis, pp. xii. 489* 

* 14. Kurzes Elementar^ Lehrbuck der gesammten mechanic 
schen Wissenschaften. A Short Elementary Instruction-Book for 
all the Mechanical Sciaices, for middle, higher^ and commercial 
Schools, with many examples, pp. xii. 252. Enslin, Berlin. 
1840. 

*J^ It is intended that the next published Translations of these 
works shall consist of ^^ Arithmetic and Algebra", as con- 
tained in the first and part of the second volume of the 
"System" (No. 6), followed by the ''Instruction-Book in 
Higher Mathematics" (No. 13), to which it will serve as an 
introduction. The Manuscript of the ''Arithmetic and 
Algebra" is already complete. 



THE END. 



